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Abstract. Poisson-Lie (PL) dynamical r-matrices are generalizations of dynamical r-ma- 
trices, where the base is a Poisson-Lie group. We prove analogues of basic results for these 
r-matrices, namely constructions of (quasi)Poisson groupoids and of Poisson homogeneous 
spaces. We introduce a class of PL dynamical r-matrices, associated to nondcgcncrate Lie 
bialgebras with a splitting; this is a generalization of trigonometric r-matrices with an abelian 
base. We prove a composition theorem for PL dynamical r-matrices, and construct quan- 
tizations of the polarized PL dynamical r-matrices. This way, we obtain quantizations of 
Poisson homogeneous structures on G/L (G a semisimple Lie group, L a Levi subgroup), 
thereby generalizing earlier constructions. 



Introduction 

In this paper, we continue the study of Poisson-Lie (PL) dynamical r-matrices, which was 
started in [FM], We construct new examples of such r-matrices, together with their quantiza- 
tions. We apply this to the quantization of Poisson homogeneous spaces, which were introduced 
in DCS . 

In Section 1, we define PL dynamical r-matrices and give some examples. As in [Lu], PL 
dynamical r-matrices give rise to (quasi)Poisson groupoids. 

In Section 2, we introduce the notion of a nondegenerate Lie bialgebra with a splitting 
g = [ © u. We associate to this datum a PL dynamical r-matrix a® . This construction is a PL 
analogue of [EE2] (see also [FGP], Proposition 1, and [Xu], Theorem 2.3). The main example 
is the inclusion of a Levi subalgebra I in a simple Lie algebra g. When I coincides with the 
Cartan subalgebra f) c 0, of is the standard trigonometric r-matrix (see [EV1]). In general, 
erf is an ingredient in a composition theorem for PL dynamical r-matrices, generalizing [EE2] 
(see also [EV1], Theorem 3.14 and [FGP], Proposition 1) and [Mu] (who treated the case when 
I C is the inclusion of a Cartan in a Levi subalgebra) . 

In Section 3, we introduce the notion of a polarized nondegenerate Lie bialgebra with a 
splitting. We construct a quantization *S?f of of in this situation. This construction is a gen- 
eralization of [EE2] , and is based on a nonabelian analogue of the inversion of the Shapovalov 
pairing; from a representation theoretic viewpoint, this may be formulated in terms of inter- 
twiners, as in [EE2]. This idea is already present in [DM]; however, in order to carry out the 
analogue of the construction of [EE2], one needs to construct a left coideal Un(u + ) C U%{q) (see 
Sections 3.1, 3.2). We also prove a quantum composition formula for the twists (Section 
3.8). 

The second part of the paper (Sections 4, 5, 6) is devoted to applying these constructions 
to the quantization of Poisson homogeneous spaces of the form G/L, where g is a simple Lie 
algebra and [ C g is a Levi subalgebra. 

In Section 4, we recall the classification of the Poisson homogeneous structures on G/L 
([DGS]). The set of all these Poisson structures is an algebraic variety V. We introduce 
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a Zariski open subvariety Vo C V, and show that the Poisson structures corresponding to 
elements of Vo are exactly those which may be obtained cither using the dynamical r-matrix 
rf, or using its Poisson-Lic analogue af . 

In Section 5, we construct quantizations of all the Poisson homogeneous structures corre- 
sponding to the elements of Vo- For this, we prove an algebraicity result for This result is 
based on the computation of the Shapovalov pairing for U q (g) ([DCK]), and on the quantum 
composition formula for the twists %?f. 

In Section 6, we compare the quantizations of G/L obtained in Section 5 and in [EE2]. In 
[EE2], there was constructed the quantization of a family of Poisson structures, indexed by an 
analytic open subset U of Vo; this work is based on the Knizhnik-Zamolodchikov associator 
and is therefore not purely algebraic, contrary to the construction of Section 5. We show that 
when the parameter of the Poisson structure belongs to U, both quantizations are equivalent. 

The Poisson homogeneous space G/L, equipped with a structure from Vo, may be viewed as 
a dressing orbit of G* . Similarly, in the rational case, the g-invariant homogeneous structures 
on G/L are the coadjoint orbits G/L <^-» g* . In Section 7, we quantize these G- (or g-) space 
embeddings (in the rational case, quantizations were constructed in [AL, EE2]). We also prove 
that the quantum function algebra of G/L is a subalgebra of Un(g)/ Ann(M^) (in the rational 
case, of U (g) / Ann(M x ) [[ft]]), where (resp., M x ) is the generalized Verma module over Un(g) 
(resp., over U(g)). Systems of generators for Ann(M x ), whose classical limits are systems of 
generators for the defining ideal of the orbit G\ C g* , are constructed in [O] when g is reductive 
of classical type. 
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1. POISSON-LlE DYNAMICAL r-MATRICES AND QUASI-POISSON STRUCTURES: GENERAL 

FACTS 

In this section, we recall the notion of dressing actions of Poisson-Lie groups. We define 
Poisson-Lie (PL) dynamical r-matrices and give some examples. We show that such r-matrices 
give rise to (quasi) Poisson groupoids, and discuss quantization of these constructions. The 
material of this section is a PL generalization of basic constructions involving dynamical r- 
matrices. 

Our base field is C (although the results of Sections 1 to Section 3 hold over a field of 
characteristic 0). 

1.1. Poisson-Lie groups and Lie bialgebras. A Poisson-Lie group A is a Lie group equipped 
with a Poisson structure, such that the product map is a Poisson morphism A x A — > A. This 
definition makes sense in the formal, algebraic or analytic categories, and we thus obtain the 
notions of formal, etc., Poisson-Lie groups. 

If A is a (finite dimensional) Poisson-Lie group and a is its Lie algebra, then a identifies with 
(m/m 2 )*, where m is the maximal ideal of the local ring of A at the origin, and the Poisson 
bracket A 2 (m) — ► m induces a map A 2 (m/m 2 ) — > m/m 2 , whose dual is a map S : a — > A 2 (a). 
Then (a, S) is a Lie bialgebra, i.e., (5 <S> id) o S(a)+ cyclic permutations = for any a E a, and 
5 ([a, b]) = [a®l + l®a, 5(b)] + [6(a), b <g> 1 + 1 <g> b] for any a, b G a. 
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To a Lie bialgebra o, one associates a formal Poisson-Lie group, i.e., a formal series Hopf 
algebra O(A) with a Poisson structure compatible with the coproduct: 0(A) = U(a)*. 

1.2. Dressing actions. 

Definition 1.1. Let (a, 6) be a Lie bialgebra and let O be a Poisson algebra. A Poisson action 
of a on O is a linear map a — > Der(O), a 8 a , such that a ({f, g}) = {0 a (f), g} + {a, a (g)} + 
E e aW (f)O a m id), where /, g £ O, a £ a, and 6(a) = £ a (1) ® a^ 2) . 

Let A be a Poisson-Lie group with Lie bialgebra (a, S), let M be a Poisson manifold, and let 
A x M — > M be a left Poisson action of A on M. Then the map L : a — > Dcr(0M) defined 
by (L a f)(x) := ^_ Q f(e~ Ea x) is a Poisson action of (a, 5) on Om (here Om is the function 
algebra of M). In the same way, if M x A — > A is a right Poisson action of A on M, then 
R : a — > Der(0M), defined by (R a /)(ar) := g^| £ _ /(a;e ea ) is a Poisson action of (a, 5) on 
Om- We also use the notation (L a / X \f)(x), (R a (x)f)( x ) to denote left and right infinitesimal 
translations by an element of Om ® fl. 

Assume that a is finite dimensional. Let 0(a) = a a* be the double Lie bialgebra of (a, 6). 
The injections a — > 0(a), a* ,cop — > 0(a) are Lie bialgebra morphisms (here cop means the Lie 
bialgebra with opposite cobracket). Let A be a Poisson-Lie group with Lie bialgebra a. Assume 
that the adjoint action of a on 0(a) extends to A (this is the case e.g. if A is the formal group 
of a). The left and right dressing actions are Poisson actions of 0(a) on Oa, defined by 

(dress^ f)(x) = -R {Ad{x -i ){a)) J(x), (drcssf f)(x) = -L (Ad(x)(a))a /(a;), 

where a £ 0(a), / £ Oa, and a i— > a a is the projection on a parallel to a*. If a € a, we have 
dress^ = L a , dressf" = R a . 
If /, g £ Oa, we have 

{/, g} = dress^ (/)L ei (g) = - £ dressf, (/)R ei (g), (1) 

i i 

where (e^), (e*) are dual bases of a and a*. 

Assume that A — > D, A* — > _D are Poisson-Lie group morphisms associated with the Lie 
bialgebra morphisms a — > 0(a), a*' cop — > 0(a), and that the maps A — > _D/A*, A — *■ A* \ D 
are Poisson isomorphisms (these assumptions hold e.g. if A,A*,D are the formal groups of 
a, a*, 0(a)). Then dress L (resp., dress 71 ) corresponds to the left action of D on D/A* (resp., 
right action of D on A* \ D), which arc Poisson. 

If b is a Lie algebra and a is the Lie bialgebra b* (with zero bracket), then the simply- 
connected Lie group with Lie algebra a is A = a. Then dress L = dress^" and the common 
restriction of both actions to b C 0(a) is the adjoint action of b on S'(b) = CV = Oa- 

1.3. Poisson-Lie dynamical r-matrices. Let (g, 6) be a finite dimensional Lie bialgebra and 
f) C g be a Lie subbialgebra. Let \)* be the Lie bialgebra dual to h, and let H* be a Poisson-Lie 
group with Lie bialgebra ()*. We denote by Oh* the function ring of H* (when H* is a formal 
group, Oh* = U(t)*)* will be denoted C[[i?*]]; if H* is an algebraic group, then Oh* is a Hopf 
algebra contained in U(t)*)* and will be denoted C[H*]). 

Define d L : O h * - f) ® O h * by d L (f) = - e* ® M/), where (e<), (e l ) are dual bases of 
f) and ()*. If p = J2 a a a ®b a ® £ a , we set d L p = J2 a a a ®b a ® d L (£ a ). 

If V is a vector space, A*(V") is the space of totally antisymmetric tensors in V® 1 . If x £ V® 3 
is antisymmetric w.r.t. a pair of tensor factors, then Alt (a;) is the sum of its cyclic permutations 
X + .T 2 ' 3 ' 1 +X 3 ' 1 ' 2 . We set CYB(p) = [p 1 ' 2 , p 1 ' 3 ] + [ P h2 ,p 2 ' 3 } + [p 1 ' 3 ,/) 2 ' 3 ]. 

The dressing actions of f) on Oh* extend to actions on the localizations 0#»[1/P], where 
P £ Oh* is nonzero. 
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Definition 1.2. (sec [DM]) Let Z G A 3 (g) s be such that Alt (5 <g> id® 2 )(Z) = 0. A Poisson-Lie 
dynamical r -matrix for (H*,q,Z) is an element p G A 2 (g) ® C^r*[l/P] ; which we view as a 
function p : H* — > A 2 (g), suc/i £/ia£: 

fa,) /or any agf), dress^(p) + [a ® 1 + 1 ® a, p] =0 

f&) CYB(p) + Alt(d L p) + Alt (((J <8> id)(p)) = Z. 

This definition is the specialization of the notion from [DM] of a classical dynamical r-matrix 
over a base algebra, when the base is H*. 

Remark 1.3. If p is as in Definition 1.2, then h p(h~ r ) satisfies the analogue of Definition 
1.2, where dress L , d L are replaced by dress^, d R (d R is defined by replacing L with R in the 
definition of d L ). 

Remark 1.4. When f) = g, we may identify p with a right-invariant 2-form u on G*. Then 
the term Alt(d L p) + Alt ((5 <8> id)(p)) identifies with its exterior derivative dw. 

Example 1.5. If 5 = 0, then we may take H* to be the formal group of I)*. Then dress is the 
adjoint action of f) on O^* — S'(t)). In that case, p^ —p yields a bijection between Poisson-Lie 
(PL) dynamical r-matrices for (H* , g, Z) and (usual) dynamical r-matrices for (f),g, Z). 

More generally, assume that 5^ — 0, and that (g,5) is coboundary, i.e., we have 5(a) = 
[a <g> 1 + 1 <g> a,r ], where r G A 2 (g) is such that Z(r ) := CYB(r ) G A 3 (g) B . Then the 
map p i— > ro — p is a bijection between {PL dynamical r-matrices for (H* , q, Z)} and {usual 
dynamical r-matrices for (f), g, Z + Z(ro))}. 

In particular, if g is a semisimple Lie algebra and f) C g is a Cartan subalgebra, then 
rjj(A) := — ^J2aeA + ( e a A / Q )coth^j^- is a usual dynamical r-matrix for (rj, g, Z(r )), where 
ro = ^X)«eA + e « A f a - Therefore ro — r(A) is a PL dynamical r-matrix for (H*,q,0), where 
g is equipped with its standard Lie bialgebra structure 6(a) = [a ® 1 + 1 ® a, ro] (we set 
x A y := £ ® y — y <8> x.) 

Example 1.6. (The Balog-Feher-Palla r-matrix [BFP, FM].) Let (g,r) be a factorizable Lie 
bialgebra. Recall that this means that t := r + r 2,1 is a nondegenerate element of S 2 (q) b , 
CYB(r) = 0. The cobracket of g is given by 5(a) = [a <g> 1 + 1 <g> a, r] for any a G g. Set 
Z := [i 1 ' 2 ,* 2 ' 3 ]. The relation Alt (5 ® id® 2 )(Z) = is satisfied because the twist by r - r 2 * 1 of 
the trivial quasi-Lie bialgebra structure on g is a quasi-Lie bialgebra. 

Set L(£) = (id<g>£)( r ) and #(0 = ~(£ ® id)(r). Then the maps : g* -> g are Lie 

algebra morphisms, and i?©L:g*^g©gisa Lie algebra injection. We also denote by R, L 
the corresponding formal group morphisms G* — > G, and by A : G* — > G the map such that 
X(g*) = L(g*)R(g*)~ 1 . Finally, we define g* i-> g(g*) to be the map G* — > End(g), such that 
y(y*) = Ad(A(y*)). 

Define pbfp : G* — > A 2 (g) by 

, « // id+g(g*) 2l/ l id+.g(g*) ^.^^ 
PBFP(5 } = (( " id-y(y*) 2 - " 2id^)^ ld ) W ' 

Then pbfp is a dynamical r-matrix for (G* , g, Z„), where Zj, = (^ 2 — ^[t 1 ' 2 , t 2 ' 3 ], and !/ £ C is 
an arbitrary constant. 

Remark 1.7. A constant PL dynamical r-matrix for (G* , g, Z) is the same as a classical twist 
between the quasi-Lie bialgebras (q, — 6, 0) and (g, — 5 — 5 p , — Z), where 5 p (x) — [x® 1 + 1 ® a;, p] 
(see [Dr2]). □ 



In Section 2.3, we will construct new families of examples of PL dynamical r-matrices. 
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1.4. Quasi-Poisson structures. If O is a commutative algebra equipped with an antisym- 
metric bracket, satisfying the Leibniz identity w.r.t. each variable, a Poisson action of a Lie 
bialgebra (a, 5) on O is defined as a Lie algebra morphism a — > Der(C), satisfying the condition 
of Definition 1.1. 

Proposition 1.8. Let (g,S) be a finite dimensional Lie bialgebra, let Z G A 3 (g) s , and let \) C g 
be a Lie subbialgebra. Let p = ^2 a a a ® b a ® £ a G A 2 (g) <S> 0^* . There is a unique bracket on 
Oh* ® C?G; antisymmetric and satisfying the Leibniz identity w.r.t. each variable, such that 

V/i , h eOfl-, {/i ® l, h ® 1} = {/i , hW ® 1. 
V S eO Gl V/sO ff ., {/ ® 1, 1 ® 5 } = - ^ L e *(/) ® L ei (<?), 

i 

Vffi.sa G Cg, {1® 51,1® ff2 } = 1® {gi,32} G + Xl^ l8,La =(f 1 ) Lb =(f 2 )- 

-ffere (e 4 ), (e^) are dua/ bases o/(), f)*, and { — , — }^ is ffte Poisson bracket of a Poisson-Lie group 
A. 

If p is a PL dynamical r -matrix for (H*,q,Z), then this bracket satisfies {{4>i, 4>2}, <fe} + 
c.p. = m((id®R)® 3 (Z)(0i ® 02 ® 03)) /or any <t>u<h,<h G Off* ® Co- 
TTiis structure is equipped with the following commuting Poisson actions: 

( a) the action of (fj, 5) 6j/ dress L ® id + id ®L, 

(b) the action of (g,5) by id®R. 

Proof. Straightforward. □ 

The notion of a quasi-Poisson structure ([AKM]) may be generalized as follows: (a,6 a ,Z a ) 
is a quasi-Lie bialgebra, M is a manifold equipped with a bivector and an action of a by vector 
fields, such that 6 a ({f,g}) = {fla(/),.g} + {/A(.9)} + E^u>(/)^>(ff) and {{/, g}, h} + c. p. = 
m{e r ^(Z a )(f®g®h)). 

In the situation of Definition 1.2, (g, S, Z) is a quasi-Lie bialgebra and the structure defined 
in Proposition 1.8 is quasi-Poisson under the action of (g, 5, Z) by id®R. 

1.5. Poisson groupoids. One checks that H* x G x H* is equipped with a Poisson groupoid 
structure, corresponding to the Poisson bracket on Oh* ® Oq ® 

= {/,/'}£, {/ (3) ,/ ,(3) } = -{/,/'}$, {/ (1) ,/' (2) } = o, 

{/ (1) ,5 (2) } = -E L ^(/) (1) L ei (.9) (2) , {/ (3) ,3 (2) } - -E^(.f) (3) R ei ( 3 ) (2) , 

2 i 

{g {2 \9' (2) } = {9, 9'}$ + Z 2^M)UMf ) -E^K(S)^(9')) (2) 

a a 

for any /, /' G Oh* and g,g' G Oq. This construction is carried out in [FM] in the setup of 
Example 1.6. 

1.6. Quantization of PL dynamical r-matrices. Let (t/ft(g),A) be a quantized universal 
enveloping (QUE) algebra. We say that $ G £/ft(g)® 3 is an associator for (C/ fi (g), A) if 

$ 2,3,4 $ 1,23,4 $ 1,2,3 = $1,2,34^12,3,4^ ^ 

Vie[/ fi (g), [A^x),*] = 0, $ = 1 + O(ft), alt($) - 0(ft 2 ). (3) 

Here alt: F® 3 — > U® 3 is defined by alt(x) = J2 l je& 3 s S n ( (J ) (J ( x )i and §> is the Radically 
completed tensor product. 
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Then (£7ft(jj), A, $) is a quasi-Hopf algebra, therefore it gives rise to a quasi-Lie bialgebra 
(Q,5,Z) (see [Dr2]), where Z = (fiv 2 alt($) mod ft), and 

ZeA 3 (Q) , and Alt(5®id<g>id)(Z) = 0. (4) 

Conversely, if Z satisfies (4), then $ G Ufr(g)® 3 satisfying (2), (3) will be called a quantization 
of Z. 

Let (f7ft(jj),A) be a QUE algebra, $ G Uh(Q) m be an associator, let Un(t)) C Un(g) be a 
QUE subalgebra and let * G ^(fl)® 2 ®^ 1 )) be such that 

^2,3,4^1,23,4^1,2,3 = ^1,2,34^12,3,4^ ^ 

h-'^-^GUnisf^CHH*]}^ Vye [/,((,), [*,A( 3 )(y)]=0. (6) 

Here C[[H*]] h C C/ ft (f)) is defined as {a 6 C/ ft (f))|Vn > 0, (id -r? o e)® n o A( n ) (/) = <3(ft n )}; it is 
a flat deformation of C[[H*}} := U(t)*)* (see [Drl, Gav]). 
Set 

p := (/T 1 ^ - * 2 ' 1 ' 3 ) mod ft). (7) 

ThcnpG A 2 (q)®C[[H*}}. 

Proposition 1.9. Let(g,5) be the classical limit of (Ufr(Q) , A) (so for x G Q, S(x) = ( y h^ 1 (A(x) — 
A(-e) 2,1 ) mod ft) /or any x such that (x mod ft) = a;^. Tften p is a PL dynamical r -matrix for 
(H*,&,Z). 

Proof. The proof relies on two facts: 

(a) if / G C[[H*]] h and if we view A(/) as an element of U h (Q)®C[[H*]] H , then (ft" 1 (A(/) - 
1 ® /) mod ft) = d L (/ ), where f = (f mod ft) G C[[H*}}; 

(b) if a G C[[H*]] ft) x,ye U K (g), f G C[[ff*]]», then 

(ft _1 [A (3) (a),a;®?/<8>/] mod ft) 

= ([ e *> x o] ® yo <8 fo + x <S> [ei,y ] ® /o + ® yo ® dresSg t (/ ))(l 01® L £i (a )), 

where xo, . . . , ao are the reductions modulo ft of x, . . . , o. 

(a) follows from [EGH], appendix, (b) follows from (a) and (1). □ 

An element 4 f G Un{Q)® 2 ®Uh{\)) satisfying (5), (6) and (7) will be called a quantization of p 
compatible with $. 

1.7. Relation with twists of QUE algebras. Assume that (g, 8) is coboundary, and t)Cj 
is such that <5|f, = 0. Let r G A 2 (g) be such that 6(a) = [a ® 1 + 1 ® a,ro] and Z(r ) G A 3 (g) B . 
Let r' be a dynamical r-matrix for (f), g, 0); then r — r 1 is a PL dynamical r-matrix for (_ff* = 
t)*,0, — Z(ro)) (see Example 1.5). This correspondence may be quantized as follows. 

Assume that $ G t/(g)® 3 [[ft]] is an associator quantizing Z(r ) and let J G [7(g)® 2 [[ft]] be a 
f)-invariant quantization of r such that 

7 1.23 t2,3 _ * 7 12,3 rl,2 

Let J' G U(g)® 2 ® C/([)[[ft]] be a pseudotwist quantizing r', i.e., 

j/12,3,4 j/1,2,34 _ ^-1^1,2,3 j/1,23,4 j/2,3,4 

Define U h (g) as the QUE algebra (C/(g)[[ft]], Ad(J ~ 1 ) o A ). Then 

* := (J')" 1 J M (8) 
is a quantization of r — r' , associated with the quantum group Un(g). 
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In the particular case where g is semisimple, f) C g is the Cartan subalgebra, and r' is as in 
Example 1.5, a quantization J' of r' was obtained in [EE2]. On the other hand, a quantization 
"J" of the PL dynamical r-matrix r$ — r' was obtained in [EV2] (we are going to generalize this 
construction in Section 3). In [EE2], Remark 3.7, it was also conjectured that the relation 
between VP and J' is given by (8). 

1.8. Quantization of quasi-Poisson structures. If M is a (formal or algebraic) manifold 
with a quasi-Poisson structure under the action of a quasi-Lie bialgebra (a, <5 a ,Z a ), then a 
quantization of M is defined as the data of (a) a quantization ([/^(a), A , $ ) of (o, <5 a , Z a ) 7 (b) 
a C[[ft]]-module Om,h, isomorphic to Om[[S]], equipped with a bilinear map p : Of / f h — > Om,h, 
deforming the product of Om, (c) an action 6 a of Ufr(a) on Om,h, deforming the action of a on 
O m , such that G a (a)(p(f <8> g)) = ^e a (a (1) )(/)e a (a( 2 ')(j), and p o (p ® id) = p o (id®/z) o 

ef($„). 

Assume that (g, S) is a Lie bialgebra, Z G A 3 (g) s is such that Alt (5 <8 id ® id)(Z) = 0, () C g 
is a Lie subbialgebra, p is a PL dynamical r-matrix for (H*,q, Z). 

Assume that (Un(g), A) is a quantization of (g,<5), $ is a quantization of Z, Un(t)) C Ufi(g) 
is a quantization of t) C g, and 4* = ^ Q A Q <8 _B Q <8 L a is a quantization of p. Then 
(t/ft(fl), A, S , ® 3 ($)~ 1 ) is also a quantization of (g, 5, Z) (here 5 is the antipode of Uh(q)). 

Set C[[G]]b := ?7ft(fl)*; this is an algebra, equipped with commuting actions L,R of f/ft(fl), 
where (L(a)/)(x) = (R(a)(/))(x) = f(S-\a)x). 

Proposition 1.10. Let A := U h (t))§)C[[G]] h , and define p : A® 2 -> A by 

p((a ® /) <8> (b (8> g)) = ^ L a a (2) b® L Aa (/)L Bao( i) (5), 

a 

R : f/ ft (fl) (8) A A 62/ R(a;)(a ® /) = a ® R(x)(/). T/ien B := C[[H*]] n ®C[[G]] h C A is 
stable under p and 8, and is a quantization of the quasi-Poisson structure of Proposition 1.8, 
compatible with the quantization (Ufr(g), A, S" 83 ($) _1 ) of (g,5, Z). 

Here C[[ai, ... , a d , fi]](§)C[[6i, . . . , &<j/, ft]] means C[[ai, ... ,bd>,h]]. 

B is also equipped with an action of J7ft(h) by 6'(x)(a (8> /) = x^aS^ 3 )) (8) L x (i)(/), and 
the actions 9, 9' commute. 

2. A COMPOSITION THEOREM FOR POISSON-LlE DYNAMICAL r-MATRICES 

In this section, we introduce a PL dynamical r-matrix af, associated to a nondegenerate 
Lie bialgebra with a splitting. This construction is a generalization of [EE2] (see also [FGP], 
Proposition 1, [Xu], Theorem 2.3). When I is a Cartan subalgebra of a semisimple Lie algebra 
g, then af is a trigonometric r-matrix. In general, af is the basic ingredient of a composition 
theorem for PL dynamical r-matrices (Section 2.4), generalizing [EE2], Proposition 0.1 (also 
[FGP], Proposition 1). 

2.1. Lie bialgebras with a splitting. Let (g, 6) be a finite dimensional Lie bialgebra and let 
[ C g be a Lie subbialgebra. Assume that we have a decomposition g = [©u, such that [[, u] C u 
and 6(u) C ((I ®u)0(u® I)) © (u (8) u). Equivalently, g* — I* © u*, where 1* is a Lie subalgebra 
and u* is an ideal of g*. We will call such a quadruple (g, 8, 1, u) a Lie bialgebra with a splitting. 

Assume further that g = Iffiu is nondegenerate as a Lie algebra with a splitting (see [EE2]); in 
other words, we assume that for A G I* generic, the pairing wo(A) :uxu^C, (u, v) A([u, w][) 
is nondegenerate (here z t— > Z[ is the projection on [ parallel to u). 

As we explained in [EE2], the nondegeneracy assumption may be expressed as follows. We 
associate an element pf G S d (l) (d := dim(u)) to g = I © u, well defined up to multiplication 
by a nonzero scalar: fix a linear isomorphism i : u — > u*, define a(A) G End(u) by a(X)(u) = 



8 BENJAMIN ENRIQUEZ, PAVEL ETINGOF, AND IAN MARSHALL 

i _1 (wo(A)(u, — )) for any A G g* , then pf(X) = det(a(A)). The nondegeneracy assumption is 
that pf ^ 0. 

Example 2.1. (g, <5) is a semisimplc Lie algebra with its standard Lie bialgebra structure, [ C g 
is a Levi subalgebra, u — u+ © u_, u± = ffi a eA + (g)\A + (i)S±o- More generally g = I ffi u+ u_ 
is a polarized nondegenerate Lie algebra (see [EE2]), and S(x) = [x ® 1 + 1 <S> x, r], where 
re ([ <E> © (u+ ® u_) is such that r + r 2,1 is invariant and CYB(r) = 0. 

2.2. Localizations. Assume that L* C G* is a subgroup corresponding to [* eg*. E.g., L* , G* 
may be the formal groups associated with these Lie algebras; we denote by C[[L*]] = U(l*)* 
the function ring of the formal group L* . If x G L* , define ut x : u x u — > C by 

u x (u,v) = ((Adix- 1 )^))^ (Mix- 1 )^))^), (9) 

where (— , — ) is the canonical bilinear form of 0(g) = g©g*, and x x g , x g * are the projections 
on g,g*. Since the bilinear form on o(g) is Ad-invariant and u is an isotropic subspace of 0(g), 
lu x is antisymmetric. 

If x G L*, 1 define a(x) G End(u) by a(x)(u) — i^iuj^u, -)) and set 

P*(x) := det(o(x)). (10) 

Then Pf{x) is an element of C[[L*]], well-defined up to multiplication by a nonzero scalar. Let 
rriL* be the maximal ideal of C[[L*]] (it coincides with the kernel of the counit map). Then 
Pf G tn^». Recall that the associated graded ring of C[[L*]] w.r.t. its filtration by the powers 
of triL* is S'(l). Then the class of Pf in m^/m^t 1 coincides with pf. Therefore Pf is nonzero. 

The localized ring C[[L*]][1 / Pf] is also filtered by val(/ /(Pf) k ) = val(/) - fed, and the 
associated graded ring is S'(l)[l/pf]. 

Any linear lift of the projection map m^. — > mi,* /tn 2 » = [ induces a (noncanonical) identifi- 
cation of C[[L*]] with the formal series completion S'(l) of the symmetric algebra of [, and an 
injection of C[[L*]][1/P ( B ] in the degree completion of S'(l)[l/pf], which extends to an identifi- 
cation of the valuation completion of C[[i*]][l/P[ 8 ] with this degree completion. 

2.3. The r-matrix of. If x G L* is such that Pf{x) is invertible 2 , then lo x G A 2 (u)* is 
invertible, and we set of (a;) := (w x ) _1 . Then 

af G A 2 (u) (g) C[[L*]] [1/P[ 8 ]. 

of is uniquely determined by the following equivalent conditions (we set af = ~^2 a a a ®b a ®i a ): 

1) if u,v G u, then w x (u,v) = J2 a co x (u,a a )oj x (v,b a )£ a (x) (equality in C[[L*]]) 

2) for any v G g, J2 a a « ® w a;(w, b a )£ a (x) =v<g>l (equality inu® C[[L*]]). 

Theorem 2.2. o 3 is a PL dynamical r-matrix for (L*,g,0). 

Proof. Let us first prove the [-invariance of af. We first prove the identity: 

Vu,v G u,Va G [, dress^ u) + a], v) + w K (u, [w, a]) = 0. (11) 

Set a' = Ad(a;- 1 )(a) (so a' G I© [*), u' = Ad(a;- 1 )(u), v' = Ad^" 1 )^), then 
dress^ u x (u, v) = (([a{. , u']) g , ^, ) + (Uj, ([a{. , u']) B .), 

and 

oj x ([u,a],v) +u x (u, [v,a]) = {([u',a']) g ,v' g .) + (u' g , {[v',a']) B .). 

if L* is a formal group, this means that we fix an Artinian C-ring A, and x £ L* (A) = {ring homomorphisms 
U(l*)* -► A} 

2 in the formal case, we fix a pro- Artinian ring without zero divisors A = lim^_ A n ,ieL* (A) = lim^_ L* (A n ) , 
and Pf (x) is assumed nonzero in A; then af (x) G A 2 (u) (g) Frac(A) 
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The sum of these terms is 

(K,a(] B ,t;;,) + K,b',^ fl *>- (12) 

Here a[ is the projection of a' on [ parallel to [*. Let us prove that (12) is zero. We have 
[l,u © u*] C u © u*, therefore u',v' G u © u*. If t>' G u, (12) is clearly 0; if u' G u*, (12) is 
{[u', a[] g , v' g .) — ([u',a[],v' g ,) — (a[, [v' g ,,u']), which is zero since u* is an ideal of g* . If it' G u 
and v' G u* , then the vanishing of (12) follows from the invariance of (— , — ). This proves (11). 
Let us now prove that 

VoGl, dress^crf + [a 1 +a 2 ,af} = 0. (13) 
Write af — J2 a a a ®b a ® £ a . Then (11) implies that for any u, v G u, we have 

^w x ([u,a],a a )u x (v,b a )£ a (x)+u x (u,a a )u x ([v,a],b a )£ a (x) = -dress^ uj x (u,v), 

a 

and using again (11), we get 

^(-dress^ (w x {u, a a ))uj x (v, b a )£ a (x) - w x (u, a a ) dress£ (u x (v,b a ))£ a (x) (14) 

a 

+ uj x (u, [a, a a ])uj x (v, b a )l a {x) + ui x (u, a a )uj x (v, [a, b a ])£ a (x)) = - dress^ w x (u, v). 

Applying dress^ to the identity J2 a UJ xi u i a a)u x {v, b a )£ a (x) — u> x (u,v), and adding the resulting 
identity to (14), we get 

^2u x (u, a a )u x (v, b a ) dressy £ a (x) +u x {u, [a, a a ])w x {v, b a )£ a (x) + w x {u, a a )w x (v, [a,b a ])£ a (x) = 0. 

(15) 

This is the result of pairing (13) with u <g> v using lo x (g) ui x . This proves (13). 

Let us now show that af satisfies the Poisson-Lie CDYBE. The nontrivial components of this 
identity lie in the direct sum of A 3 (u)(g>C[[L*]] and of (([®A 2 (u))©(u(g)[(g)u)©(A 2 (u)(8)[))(g)C[[L*]]. 
Since the l.h.s. of the PL CDYBE is obviously invariant under the cyclic permutations of the 
first three tensor factors, it suffices to show the identities 

(p® 3 <E> id)(l. h. s. of the PL CDYBE) = (16) 

and 

(pi ®pf 2 ®id)(l.h.s. of the PL CDYBE) = 0. (17) 

Here pi,p u are the projections — ► I, g — ► u corresponding to g = I © u. 

Let us prove (16). Let u,v,w be arbitrary elements of u. For z G we set ~z := 

Ad(x~ 1 )(z), which we decompose as z — z' + z", z' G g, z" G g* . Then we have ([«,«], w) = 
{[u,v],w) — (since (— ,— ) is Ad-invariant and g is isotropic). On the other hand, ( [u, v] , w) can 
be expanded (again using isotropies and invariances) as ([u',v'],w") + { [u" ,v"],w')+ cycl. perm. 
Therefore 

([u',v'],w") + ([u",v"],w')+cycl. perm. = 0. (18) 

Let us now extend u x to a bilinear map ui x : o(g) x 5(g) — ► C using formula (9). Since 
Ad(x~ 1 )([) C[0[* and Ad(x _1 )(u) C uffiu*, we get 

uj x (£, a) = whenever £ G I and a G u. (19) 
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Now 

OL 

= ^2uj x (p u (w (1) ),u)uj x (p u (w {2) ),v) =^2uj x (w {1) ,u)uj x (w (2 \v) (using (19)) 

= ^((AdOr- 1 )^ 1 )))^ (Ad(x- 1 )( M )) r )((Ad(x- 1 )( u ,( 2 ))) fl , (Ad^- 1 )^))^) 

= ^(Ad(a;- 1 )( U ; (1) ), (Ad(a;- 1 )(u)) r )(Ad(a;- 1 )(«; (2) ), (A^aT 1 )^)) ) (since fl * is isotropic) 

= J2( w(1) > Ad ( x ) °Ps* (Ad(x" 1 )(u)))(w; (2) ,Ad(x) op^AdOzT 1 )^))} (since (-, -) is Ad-invariant) 

= (w, [Ad(x) op 3 ,(Ad{x- 1 )(u)),Ad{x) op r (Ad^ 1 )^))]} (since Ad(x)(fl*) C fl*) 

= (Ad(x _1 )(w), [p .(Ad(x _1 )('u)),p fl .(Ad(x _1 )(u))]) (since Ad(x) is an automorphism) 

= {w, [u",v"]} = (w , [u ,v ]} (since g* is isotropic); 

here p g * is the projection g © g* — > g*, p u is the projection g = [ © u — > u, and we write 
S(w) = ® w (2) . 
On the other hand, 

X! w x(Pu([aa, a/3]), «)wi(6 a , v)w x (bp, w)£ a £p(x) 
= u x (p u ([v,w]),u) = w x ([v,w],u) (using (19)) 

= ([Ad(a; _1 )(u), Ad(a; _1 )(u;)],p fl . o Ad(a; _1 )(u)) (since g* is isotropic) 

= ([v,wW) = ([v',w'],u") + (v', [w",u"]) + (w', [u",v"]) 

(using the isotropics of g and g* , and the invariance of (— , — )). Taking the difference of these 
results, we get 

y^Vx(Pu([aa,ap]),u)(Aj x (b a ,v)w x (bp, w)£ a £ (x) -^w x (p u (aW),u)w x (p u (aW),v)w x (b a ,w)£ a (x) 

a,0 a 

= ([v',w'],u") + (v',[w",u"}). 
Therefore 

^2uj x (p u ([a a , ap}) , u)uj x (b a , v)iv x (bfi, w)£ a £fi(x) -^u x (p u (a^ ) ),u)u x (p u (a (2) ),v)u x (b ai w)£ a (x) 

a, ft a 

+ cycl. perm. = {[v' ,w'],u") + {v' ,[w" ,u"}) + cycl. perm. =0, (20) 

where the last equality follows from (18). Now the l.h.s. of (20) is the pairing of (p® 3 £g> 
id)(CYB(p) + Alt (<5 <g> id)(p)) with u <g> v ® w (using uj x 3 ). Therefore this pairing is zero, for any 
u, v, w G u. It follows that 

(p® 3 © id)(CYB(p) + Alt(J ® id)(p)) = 0. 

This proves (16). 

Let us prove (17). For this, we will prove that for any u, v G u, the pairing (using ojf 2 ) of 
the r.h.s. of (17) with id(gm © v is zero. This pairing is 

^2pi{[a a ,ap])®u x {b a , u)u x (bp, v)£ a £p(x) - ^ e* <S> ui x (a a , u)u x (b a ,v)L Ei £ a (x) 

a, (3 i.a 

+ y^Pija^) © ui x (p u {a^),u)u) x (b a , v)£ a (x) - ^pi(a^) ® ui x (p u {a^), v)w x {b a , u)£ a (x). 

(21) 

The first sum of (21) is equal to pi([u, v]) © 1. 
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The second sum of (21) is equal to 

- ^2 e i ® (w x (a a , u)w x (6 a , u)^ a (a;)) + e 4 ® L £ , (w x (a a , u))w x (& a , w)^ Q (x) 

i, a i,a> 

+ ^ ej a; a (a a , tt)L e <(a; a (6 a , ^))la(ff) = -^ei0L £ i(^(w,w)) 

+ e 4 ® ( [if 1 , a a ] , u)w x (b a ,v)£ a (x) +^2e l ®uj x (a Q , [e 4 , u] )w x (6 a , v)l a (x) 

i,a> i,a 

+ ^2ei^tJ x (a a ,u)oj x ([e\b a },v)£ a (x) + ^ e* ® uj x (a a , u)uj x (b ai [e\ v])£ a (x) 

= -JI e4 ®^x([£*,«],^) - ^2 e i ® w x (u, [e*,u]) - ® ^ ( [e 4 , w] , w) - ®u; x (v, [e*,ti]) 

i i i i 

+ X! e4 ®w x ([e*,ti],t;) + ^e; ®u; x (u, [£%«]) = - ^ e l ® ^([e 4 , t>], u) - ®a; x (u, [e*,u]) 

i i i i (22) 

where both equalities follows from the identity 

Ve G f)*, Va, /3 G 0(g), L £ (S x (a, /?)) = w x ([e, a],/3) + D x (a, [e, /?]). 
The two last sums of (21) give the contribution 

Now if x G u, then 

(8> x (2) = (5(x) = y^[ar,ej] (8> e j : + y~] e» [x,£ l ] +~y][x,Uj] ® A 3 + ® [a;, A j ], 

i i j j 

where (Mj), (A 3 ) are dual bases of u and u*. Therefore 

^pi(x (1) ) ® Pu (xW) = ®Pu([x,e 4 ]), 

i 

so the contribution of the two last sums of (21) is 

- X! e * ® w *(Pu(K £*]), u) + X! e * ® w a:(Pu([w, £*]), «)• (23) 

The sum of (22) and (23) is equal to 

®w x (p u .([u,£ l ]),u) + ^e 4 ®w x (pu([«, -^e, ®w x (v, [e*,u]). (24) 

i i i 

Now uj x (a, f3) = whenever a G g*, so the first term of (24) vanishes; we have 
w x (pu([u, £*]),«) = (PgoAdfj;- 1 ) op u ([«, £ ']),p r oAdf^ 1 )^)) 
= ( Ps °Ad(x- 1 )(lu,e*}),p B * oAdix- 1 )^)) 
(since Ad(a; _1 )(g*) C g* and p fl (g*) = 0), and 

-w x (v, [£*,«]) = (pjoAd^ 1 )^),^, o Ad(x- 1 )([ii,e 4 ])); 
adding up these equalities, we get 

(24) = ^ e, ® (Ad(a;- 1 )(w), Adfc-^flu, e*])) = ^ e, ® ([«, u], £ 4 } - P[ ([v, u]) ® 1. 

Therefore (21) = 0, which proves (17). □ 



12 BENJAMIN ENRIQUEZ, PAVEL ETINGOF, AND IAN MARSHALL 

Remark 2.3. The fact that of is equivariant implies that dress^-Ff) = x{ a )Pf > where x '■ 
I — > C is the character defined by x( a ) = t r ( ac K»)|u)- 

Remark 2.4. Let C[[L*}}[1 / P t 3 ]> t be the valuation > i part of C[[L*]][1/.P [ B ]. Then of belongs 
to A 2 (u) © C[[L*]][l/if ]>_i. Its image in A 2 (u) © gr(C[[L*]][l/i?])_i = A 2 (u) © ^(l)[l/pf ]-i 
is — rf , where rf is the r-matrix introduced in [EE2]. Taking the images in gr(C[[L*]][l/P[ ])_i 
(resp., gr(C[[L*]][l/P[ ])_ 2 ) of the invariance (resp., CDYBE) identities for of, we find the 
invariance (resp., CDYBE) identities for rf, i.e., Proposition 1.1 in [EE2]. 

Example 2.5. If (g, S) is as in Example 2.1 and I = f) is the Cartan subalgebra of g, then af 
is given by 

VAeff, o*(e>) = £ 

aeA + ( fl ) 

which is the solution of Example 1.5. 

Example 2.6. Assume that (g, <5) is semisimple and [ C g is a Levi subalgebra as in Example 
2.1. The Cartan decomposition of I is I = f) © m+ © m-, where m+ = © Q eA + ([)Ce Q , m_ = 
©c«eA + ([)C/ a . Let G be a (formal or algebraic) group with Lie algebra g, H C L± C £ C 
G be subgroups corresponding to f) C (f) © m±) C [ C g. Then i* = {(x_,x + ) e L_ x 
i + |/i±(x + )/i±(.x_) = 1}, where /i± : L± — > if are the group morphisms corresponding to the 
projections (f)ffim±) — ► f). If x £ L, then Ad(cc) restricts to an automorphism of u. For a generic 
x 6 L, Ad(x) — id is invertible, when viewed as an endomorphism of u. Then of : L* — > A 2 (u) 
is defined by 

of(x+,2;_)= £ (id-Ad(a; + xI 1 )) _1 (e Q ) A /„. 

aeA + ( fl )\A + ([) 

2.4. The composition theorem. 

Theorem 2.7. Lef (g, I, u, 6) be a nondegenerate Lie bialgebra with a splitting (see Section 
2.1). Let (a, 8) be a Lie bialgebra equipped with a Lie bialgebra inclusion g C a. Let Z 6 A 3 (o) a . 
Then the map p ^ p< L * + of takes {PL dynamical r-matrices for (G*,a, Z)} to {PL dynamical 
r -matrices for (L*, a, Z)}. 

Proof. This is a consequence of the following statement: if r : G* — ► A 2 (o) is such that 
dress^(r) + [a 1 + a 2 ,r] = for any a <E g, then 

(d L r) lL , = d L (r lL .) + [(r^,) 1 ' 2 , K) 1 ' 3 + K) 2 ' 3 ]- (25) 

Here the map g® 3 © C[[G*}} -> g® 3 © C[[L*]], w i-> W| L . is the tensor product of id® 3 with the 
restriction map C[[G*]} -> C{[L*]}. 

Let us prove (25). Let (uj), (A- 7 ) be dual bases of u and u*. Set r = J2 a x a ®y a ® m a . Then 

(d L r)| L «-d L (r| L ») = - y^x a <g>y a ®Uj®'Lxi(m a )\ L , = £x Q ©7/ Q ©M :) ©R Ad ( :I ,-i) (AJ) (m Q )| i ». 
On the other hand, 

[(-Hz-*) 1 ' 2 * (of) 1 ' 3 + (°f) 2 ' 3 ] = £[a;a,a/3] ©2/a ©&/3 © (m a ^)| L . +x a © [y Q ,a/3] ©6/3 © 
= £ x Q © y a © 6^ © (^g dress^ (m a )) L „ (using the equivariance of r ) 

a,/3 

= - ^ x a © Va © 6/3 © (^R(Ad(x- 1 )(a <3 )) J1 , K)) | L » • 
a,/3 
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Therefore (25) follows from 

£ ((Ad(x- 1 )( a/3 )) r ® bp)tp(x) = -Y,^(x- 1 )(\i)®u 3 . (26) 

/? j 

Let us prove (26). Both sides of this equation belong to g* 0U0C[[L*]]. We will show that the 
pairings of both sides of (26) with &0id0id are the same, for any b G g. As a; is formal near 
the origin, the map p s o Ad(x _1 ) : g — ► g is bijective, so we have b — p s o Ad(a; _1 )(a), where 
a G g. Pairing the l.h.s. of (26) with b id id, we get 

® (Pb oAdf^^a^.jjj oAd(i _1 )(tt)>^(j;) = ^ 6/3 w K (a, ap)lp{x) = -p u {a) 1, 
and pairing the r.h.s. of (26) with the same element, we get 

- (Ad(x~ 1 )(X i ),p g o Ad(£ _1 )(a)) = -^Uj (Ad^ -1 )^- 7 ), Ad(z _1 )(a)) (as rj* is isotropic) 

= - y^(A J , a)uj 01 = -pu(a) 1- 

This proves (26). □ 

Remark 2.8. Assume that a = g © is a nondegenerate Lie bialgebra with a splitting. Then 
erf = (<7g)|i,» + erf , in other words, the map of Theorem 2.7 takes crj to erf (here Z = 0). 

Example 2.9. Applying Theorem 2.7 when (jj, (5) is semisimple, [ C g is a Levi subalgebra as 
in Example 2.1, and p is the Balog-Feher-Palla r-matrix, we get the following result. Define 
p&r :L*^A 2 (g) by 



(>»U < r ) = 1/ (^±^g,id)(t)-I(g±£«»id)(t t ) + ^-^ 211 . (27) 



where g = Ad^+aT 1 ) G End(fl), f G S 2 (fl) s , t ( G S 2 (l) [ are the Casimir elements of g, I, and 
s = J2aeA + ( s )\A + (() e « ® /«) s0 that t = t[ + s + s 2 ' 1 . Then Pgpp is a PL dynamical r-matrix 
for {L*,g,Z„). 

Example 2.10. Rewriting (27) using t = t\ + s + s 2 ' 1 , we get in the case [ = f) (the Cartan 
subalgebra of g) that 

PBFp( eA ) = 7J Yl (l + 2i/cothj/(A,a))(e Q A f a ) 

aeA + ( S ) 

is a PL dynamical r-matrix for (H*,g, (Av 2 — l)Z(ro)). Under the correspondence of Ex- 
ample 1.5, this solution corresponds to the usual dynamical r-matrix A 1— > 2vr®{2v\) for 
(f), ,4^ 2 Z(r o )). 

2.5. A PL dynamical r-matrix for (G*,g, {Av 2 — l)Z(r )). The proof of Theorem 2.7 implies 
the following result: let p : G* — > A 2 (g) be a g-equivariant function, such that + erf is a 
PL dynamical r-matrix for (L*,g,Z), then p is a PL dynamical r-matrix for (G*,g, Z). This 
result leads to the following r-matrix (an analogue of the r-matrix in [EE2], Remark 1.8). 

Let g be a semisimple Lie algebra and t G S 2 (g) s be nondegenerate. Let I) be a Cartan 
subalgebra of g and b± be opposite Borel subalgebras containing f), G a (formal or algebraic) 
Lie group with Lie algebra g, H C B± C G Lie subgroups corresponding to I) C f)± C g. 
Then G* = {(x_,x + ) G B- x B+|h_(a;_)/i + (a; + ) = 1}. The map G* -> G, 3* = (ar_,a; + ) ^ 
x+xZ 1 = A(g*) is equivariant for the left dressing action of on G* and its adjoint action on 
G. 
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Let G rog C G(R) be the subset of regular real semisimplc elements, and define G* og := 

A- 1 ^). Let 6 :]0,l[U]l,oo[-> {1,-1} be defined by ^| ]0 ,i[ = -1, 0|]i,°°[ = + L If 9 1 € G rcg , 
let l){g') = {x e g\Ad(g')(x) = 0} be the Cartan subalgebra of g associated to g', and if 
f)' C g is a Cartan subalgebra, let ij,' be the part of t corresponding to f)'. For i/ £ C, define 
Pv ■ G r * cg -> A 2 (g) by 

pAg * ] = -((^ Ad(g)-ld + v6 ^))) ®id)(*- t 6to) ), 

where 5 = A(c/*). Here 0(Ad(c;)) is the operator acting by 0(A) on the A-eigenspace of Ad(g). 

Proposition 2.11. p„ is a Pi dynamical r-matrix for (G*,g, (4^ 2 — l)Z(r )). 

Proof. p v is clearly equivariant, {p v )\H* + = (1 + 2^)r , and CYB((1 + 2^)r ) + Alt (5 ® 
id)((l + 2^r ) = (4^ 2 -l)Z(r ). ' ' □ 



3. Quantization of erf 

We introduce the notion of a polarized Lie bialgebra with a splitting. We will quantize erf 
when (g, 6, 1, u) is polarized. This yields a quantization in the case of Example 2.1. 

3.1. A construction for Hopf algebras. Let A, B be Hopf algebras, i : B A and 7r : A -» 
B be Hopf algebra morphisms, such that it o i = ids. Define maps 

ev:^^A, /? : A ^ A® P 
by a(a) = 07ro S')(a (2) ) J and /3(a) = (id®7r) o A(a) - a® 1. 

Proposition 3.1. ('see [Rad], Theorem 3) 

1) Im(a) = Ker(/3). Set G := Im(a) = Ker(/3). 

2) C is a subalgebra and a left coideal of A. 

3) C is stable under the adjoint action of A on itself. 

Example 3.2. Let p, [ be Lie algebras, and assume that we have Lie algebra morphisms I ^ p 

7T 

and p -» I, such that ir o i = id[. This means that p = [ © u, ( is a Lie subalgebra of p, u 
is an ideal of p. If we set A = U(p), B = U(l), we get G = U(u). This is proved using the 
isomorphism U(u) <S> U(l) — ► U(p), u®l 1— > uZ. 

Example 3.3. In the situation of Example 3.2, let A = C[[P}}, B = C[[L]] (here C[[X}} = P(y)* 
if y is a Lie algebra, and X is the corresponding formal group). Then G = C[[P/L]] is the ring 
of right (-invariant formal functions on P. The natural map U — ► P/L is an isomorphism of 
formal manifolds, so we will denote C[[P/P]] as C[[Z7]]. 

3.2. Lie bialgebras with a splitting. Let (1,6) and (p,S) be Lie bialgebras, equipped with 
Lie bialgebra morphisms i : [ p and n : p -» I, such that tt o i = id[. We set u := Ker(7r). 
Then u is a Lie algebra ideal of p, such that 6(u) C ((( ® u) © (u ® [)) © A 2 (u). 

Example 3.4. p = p + , a parabolic subalgebra of a semisimplc Lie bialgebra g, and 1 C p is the 
corresponding Levi subalgebra. 

Assume that we have constructed a pair of QUE algebras Un(l), Uh(p) quantizing I, p, and a 

sequence of morphisms Un(l) ^ Un(p) -» Un(l), whose composition is the identity, quantizing 
I p -» [. This can be achieved: (a) in the general case, by applying a quantization functor 
to [ p -» [ (see [EK]); (b) in the situation of Example 2.1, let / C [l,r] be the set of indices 
of p. Then Un(p) is the subalgebra of Ufr(g) generated by the hi,a,i E [l,r], and fi,i 6 J; 



QUANTIZATION OF SOME POISSON-LIE DYNAMICAL r-MATRICES 15 

Ufi(V) C Un(p) is generated by the e^, fi, i £ I , and hi, i £ [1, r]. The morphism it is defined by 
ir(x) = x for x — ei, fi, i £ L, and x — h; t ,i G [1, r], and 7r(ei) = if i ^ [1, r]. 

Then we are in the situation of Section 3.1, with A = Ufr(p), B = Ufr(l). Define Ufr(u) to be 
the C defined in this section. 

Proposition 3.5. Un(u) C Un(p) is a flat deformation ofU(u) G U(p). 

Proof. Ufr(u) is defined as Ker(/3), therefore it is a complete, saturated submodulc of Ufr(p) 
(here saturated means that if a; G Un(p) is such that hx G Un(u), then x G Un(u.)). So it 
remains to show that the morphism of reduction modulo h, (mod h) : Un{p) — ► £^(p), satisfies 
(mod ft)(?7 R (u)) = C/(u). 

Let ao,/3o be the reductions modulo h of a, /3. According to Example 3.2, Im(ao) = 
Ker(/3 ) = U(u). 

Now (mod h)(Un(u)) = (mod h)(Im(a)) D Im(a ), and (mod h)(U h (u)) = (mod fi)(Ker(/3)) C 
Ker(a ). Therefore (mod h)(U h (u)) = U(u). □ 

We now describe a quantized formal scries Hopf (QFSH) algebra version of the above con- 
structions. Recall that if a is a finite dimensional Lie bialgebra, and if Un(a) is a QUE algebra 
quantizing a, then the corresponding quantized formal series Hopf (QFSH) algebra is 

Cp*]] ft := {x G (7 R (o)|Vn > 0,S n (x) G h n U h (af n }. 

Here S n = (id -rj o e)® n o A( n >. Then C[[^*]] ft is a flat deformation of C[[A*]} = U(a*)*, the 
function ring of the formal group with Lie algebra o*. 

Let [, p be as in the beginning of this section. Then we have Lie algebra morphisms 1* p*, 
p* [* such that [* <—> p* I* is the identity, so u* is an ideal of 1*. We are again in the 
situation of Section 3.1, with A = C[[P*}] n , B = C[[L*]] n . Define C[[U*}] h to be the algebra C 
defined in this section. 

Proposition 3.6. C[[U*}] h G C[[P*]] h is aflat deformation of C[[U*\] C C[[P*}]. 

Proof. Similar to the proof of Proposition 3.5, using Example 3.3. □ 

3.3. Polarized Lie bialgebras with a splitting. 

Definition 3.7. (g, S, I, u) is a polarized Lie bialgebra with a splitting if (g, S) is a Lie bialgebra, 
such that I G g is a Lie subbialgebra, u = u + ©u_, where u± are Lie subalgebras of Q, and 
<Ku±) C (([ ® u±) © (u± ® [)) © A 2 (u±). 

Example 3.8. See Example 2.1. 

Set p± = [ © u±, then p± are Lie subbialgebras of (g, 8). Then we have Lie bialgebra 

morphisms [ G p± G g and p± -» I, such that the composed map ( p± -» I is the identity. 

Applying a quantization functor to this situation, we get QUE algebras Ufr(l), Un(p±) and C/ R (g) 

quantizing I, p± and g, together with QUE algebra inclusions G Un(p±) G Uh{q), and QUE 

7r-i- 7r bi- 

algebra morphisms Un(p±) -» Un(l), such that the composed map Un(l) Un{p±) -» Un(l) is 

the identity. In the situation of Example 2.1, f/ft(l) G J7 R (p+) C Uh(o) is as above, Un(p-) is 

the subalgebra of f/ft(fl) generated by the hi, fi, i G [1, r], and a,i £ I and n± : Uu{p±) — ► f/ft(l) 

are as above. 

Let us now set 

U h {u±) :={x£ f/ft(p±)|(id(8)7r±)o A(x) =x®l}, 

then we have seen that Uh(vl±) is a subalgebra and a left coideal of Un(p±), and ?7ft(u±) C 
Un(p±) is a flat deformation of U(u±) C t/(p±). 
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Then the tensor product of inclusions followed by the product ?7 ft (u + )(g)f/ft(p_) — ► Uh{q) is 
an isomorphism of C[[fi]]-modules. Therefore 

PBW : U h (u+)®U h {i)®U h {u-) - U h ( Q ) 

is an isomorphism of C[[ft]]-modules. We define H : Uh(g) — > Uh(i) as the composed map 
(e ® id <8>e) o PBW" 1 . Then we have 

Vx ± G U h (u ± ),Vx a G U h (V), H(x + x x_) = e(x + )e(x_)x a 

and since Un(u±) is stable under the adjoint action of Un(p±) on itself, 

Va;± G U h (p±),Vx G J7 fi (g), ff(a; + a;) = e(x + )i7 (a;), H(xx_) = s{x-)H(x). 

In the same way, we set 

C[[UZ\] K := {x G C[[Pi]] ft |(id®7r±) o A(x) = x ® 1} = £/ ft (u±) n C[[P£\], 

then C[[U^]] ft is a subalgebra and a left coideal of C[[P£]] ft , and C[[C/|]] ft C C[[P±\]h is a flat 
deformation of C[[i/±]] C C[[P±]]. Therefore PBW restricts to an isomorphism of C[[ft]]-modulcs 

PBW : C[[[/;]] ft ®C[[L*]] ft ®C[[[/*]]) fi - C[[G*]] ft . 

ff restricts to a map C[[G*]]n — ► C[[L*]]r with the same properties as above (replacing Un(f) 
by C[[X*]]ft everywhere). 

3.4. Localization of QFSH algebras. Let a be a finite dimensional Lie bialgebra, let Un(a) 
be a QUE algebra quantizing o and let C[L4*]]ft be the corresponding QFSH algebra. Recall 
that C[L4*]] R is a flat deformation of C[[A*]} = U(a*)*. 

Let D G S d (a) be a nonzero element. We denote the localization of C[L4*]] w.r.t. D by 
C[L4*]]£>. This is a Poisson algebra, equipped with left and right coproduct morphisms 

C[[A*]} D - Cp*]]®C[[A*]] D) C[[A*]} D - C[[A*]] D ®C[[A*}}, (28) 

satisfying natural compatibility rules; in particular, C[L4*]]d is a Poisson base algebra over 
C[L4*]] (sec [DM], Section 4.1). Here <8> has the following meaning: if V is a vector space, then 
V®C[[oi, . . . , a d }} = C[[ai, . . . , a d ]]®V = V[[a u ... , a d ]]. 

Proposition 3.9. 1) There is a unique quantization $Z[[A*]\D,h °fC[[A*]]D , containing C[[A*]]n. 

2) The coproduct morphism C[[A*]]n — > C[[A*]]® 2 extends uniquely to morphisms A; : 
C[[A*]]r., ft -► C[[A*]] D ^C[[A*]] h and A r : C[[A*]] D , R -> C[[A*]} R ®C[[A t ]] DlK , quantizing (28), 
satisfying natural axioms (see [DM] J. 

Proof. In the same way as in [ER], Proposition 3.1, one proves the following statement. Let 
R be a Poisson ring and S C R be a multiplicative part of S. Then the localization R$ has a 
unique Poisson structure, extending the Poisson structure of R. Let Rn be a quantization of R 
(i.e., Rh is isomorphic to R[[h]] as a C[[7i]]-module; it is a topological algebra, with classical limit 
R). Then there is a unique quantization Rs,h of Rs, containing R%. If s G 5 and s e is a lift 
of s in Rn, then s is invertible in Rs,h- The algebra Rs,h may be characterized by the following 
universal property: if A% is a quasi-commutative algebra (i.e., A R is a topological C[[h]] -algebra, 
whose reduction modulo h~ is commutative), any morphism R^ — > Aft of topological algebras, 
whose reduction modulo h extends to a morphism R$ — ► An/hAn, extends in a unique way to 
a morphism R s h — > A ft of topological algebras. We call the localization of i?^ w.r.t. S. 
Then C[L4*]] Afi corresponds to R = C[[A*]] n , S = {powers of D}. 

Let us now construct A;, A r . We have A(D) = D ® 1 + J2i a i ® where hi G m(A*)a = 
Ker(e : C[L4*]] R C[[fi]]). Therefore A(£>) is invertible in Cp*]] Aft <8>Cp*]] ft , with image 

D" 1 1-^] D~ 1 a i D~ 1 ®b t +Y^ D^a.D^ajD- 1 <8> ; 

* ij 
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this sum is convergent since ■■■£>»„ G m(A*)^. Applying the universal property to A : 
Cp*]] fi C[L4*]]f 2 C[[A*]] D ^®C[L4*]] ri , we obtain the existence of A;. The morphism 
A r is constructed in the same way. □ 

In the case when Un(a) = U(a)[[h]\ (so the Lie cobrackct of o is zero) and D G C[L4*]] is 
homogeneous, we now relate the algebra C[L4*]]d,?i to the algebra U(a) introduced in [EE2]. 
U(a) is the microlocalization of U(a) corresponding to D. It is a Z-filtered algebra, whose 
associated graded is isomorphic to S'(o)d- 

Lemma 3.10. Let A be the subspace of U (a) ((h)) consisting in all series J2 ie %h l x i7 where 
Xi vanishes for i < 0, and deg(xi) < % for any i £ Z. Then A is a subalgebra of U(a)((H)), 
isomorphic to C[[A*]]d,h- 

Here X((h)) = XPP" 1 ]. 

Proof. A is a topologically free C[[fi]]-module and a subalgebra of U(a)((h)); one checks that 
A/hA is isomorphic to the degree completion of S'(a)o- C[[A*]]fi C C/(a)[[ft]] identifies with 
the space of all series X^>o^ Xi ' with deg(xi) < i. So we have an injection C[[A*]]^ C A. 
One checks that a lift of D in C[[A*]]s is taken to an invcrtible element of A. This shows that 
C[L4*]]ft C A extends to an injection 0(A*)u,n C A, whose reduction modulo h is the identity. 
This implies that C[L4*]]£> ; /i C A is an isomorphism. □ 

Remark 3.11. We do not know a quantization of U(a) without assuming Un(a) = U(a)[[ti\] 
and D homogeneous. 

3.5. Construction of T. Let g be a nondegenerate polarized Lie bialgebra with a splitting. 
Let p G S d (l) be as in Section 2.1. Then there exists a unique af G u + ® u_ ® C[[L*]] P o, such 
that 

a?=*?-(Z?f<\ 

Let U H (l), U h (u±), U h (p±), U h (Q); C[[L%, C[[U£]] K , C[[P£]] K , C[[G*]] h , and the morphisms 
between these algebras, be as in Section 3.2. 

Theorem 3.12. There exists a unique element T G (l^(u + )®L^(u_))®C[[L*]]pe n , which we 
denote T = ^\ Ai® E>i® Li, such that for any x± G Un(u±), we have 

J2 H(x-A i )L i H(B i x+) = H(x_x+). 

i 

Here we use the injection Un(i) C C[[L*]] P 8 ^Jft -1 ]. Then this identity also holds when x± G 
Uh(P±)- 

T is a series ^2 n>0 ^rT n , where T„ G ([/fi,(u+)®J7ft(u_))®C[[L*]]po h is such that its re- 
duction modulo h lies in U(u + )< n ® C/(u_)<„ ® C[[L*]]ps, and the image of this reduction in 
S n (u+) <g> S n (u^) ® C[[L*]] P « is equal to (af) n . 

Moreover, T (resp., T 2 ' 1 ' 3 ; belongs to U h (u±)®C[[U^]] h ®C[[L*}] P t )h . 

HV = E[[h}} and W = C[[a u . . . ,a d ]][l/p][[h]], then V®W = E[[a lt . . . , a d ]][l/p] [[?*]]. 

Proof. We first prove some properties of H : C[[G*]]n -» C[[L*]] h . Let m(U^) h C C[[J7|]] fi be 
the kernel of the composed map C[[U£]] -> C[[h]] -> C. Let m(U±) be the kernel of C[[J7J]] -» C. 

Then m(tf£) ^ m(C7£) ft /ftm(tf±)fi- 
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Lemma 3.13. Define a bilinear map (-,-) : C[[f/*]] fi x C[[f/^]] fi C[[L*]] R by (/-,/+) := 
#(/_/+). Then if f ± G m(^)^, we have (/_,/+) = (/i m -("+.«-)). 

TTius, /j~ n (— , -) restricts to a bilinear map m(?7*) R xm([/|)jj — > C[[L*]] R . 77ms mop induces 
a bilinear map m(U*) n x m(U+) n — > C[[L*]], which factors through a bilinear map (—,—)„ : 
5"(u_) x S n (u+) C[[L*}] (as S n (u±) = m(U^) n /m(Ul) n+1 ). (-, -)„ is the nth symmetric 
power of the bilinear map (— ,— )i, taking G u_ x u + to the formal function £* 

ujg*(u + ,U-) (an element ofC[[L*]]). 

Proof of Lemma. We have g* — I* © © ul, where [* is a Lie subalgebra, [P,u±] C u*±, 
[u+,u!_] = 0. We have p± = I* ffi u±, and the natural projections g* — ► pj. are Lie algebra 
morphisms. 

Let compute the classical limit of the maps PBW and H (relative to QFS algebras). The 
classical limit of PBW is an algebra morphism PBW : C[[C/;]]<g)C[[L*]]®C[[C/*]] -» C[[G*]], 
induced by the inclusions C[[f7£]] = C[[P£/L*]] C C[[P£\] C C[[G*]] followed by multiplication. 
It follows that PBW is the dual of the coalgebra isomorphism U ($*) — > /7 (u+) © J7(P) © (ul), 
whose inverse takes x+ © xo © £- to Therefore the classical limit of H is the algebra 

morphism H : C[[G*]] — > C[[L*]] induced by the restriction ([* is a Lie subalgebra of g* , thus 
L* is a formal subgroup of G*). 

Let us now prove the Lemma. Let f± G m(t r ^.)ft and /± G m(J7J : ) be the image of f± in 
C[[[7£]]. Then #(/-/+) = #(/+/-) + Jf ([/_,/+]). We have #(/-/+) = 0(h 2 ). On the other 
hand, (mod ft)^" 1 [/-./+]) = {/_,/+}. Therefore, = ftff ({/-, /+}) + 0(H 2 ). This 

proves the first statement when n± = 1. 

In the general case, the first statement of the Lemma follows from a computation based on 
the fact that C[[G*]]/j is quasicommutative. The same computation shows that if f±.i G m(U±)h, 
i G [1, r], then 

n 

(/-,!• ••/-,„,/+,! •••/+,„)= Yl II(/-,i./+,«r(i))+0(» 1 - n )- 

It remains to compute the map m(U*) © m(i/*) — > C[[L*]], /_©/+!-*■ 77 ({/-, /+})■ This 
map clearly factors through (m(E/* )/m(U* ) 2 ) © (m(C/jjl)/m(C/jj:) 2 ) = u_ © u + . Let u± G u± be 
the images of /±. Let x G 1*, then 

<{/-,/+},a; n ) = </-®/ + ,«(a; n )>. 

Now (/ ± , U(f(*)l*> = 0, so the only contribution is that of (/_ © /+, A (a;)™- 1 5(a;)), i.e., (/_ © 
/ + , ad(x © 1 + 1 © x) n ^ 1 (5(x))). Let x be formal near in [*, then 

{/-, /+}(e x ) = V -Au_ © u+) ad(x ®1 + 1© x^-^dix))) 

n>0 

- E o (fcTTTiW! ([(ad( ^ )fe(u+)) S ' (■*(-*)'(«-)).]>*> 

(-1)'+! 



where p B ,p * are the projections of d(g) = g © g* on g and 0*. 
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On the other hand, 



(«+,«-)= E ' ll\ fa ° ad ( x ) fc ( u +)^8- ° ad(x)'(u_)) 



fc+Z 



fe,;>o 



fc!Z! 



f— lV 

= 51 ^7T («+> °Ps' °ad(a;) i («_)>. 

k,i>o ' ' 



We have ad(x)(jj) cgfflg*, ad(x)(g*) c g*, therefore 



2-1 



So 



p B « oad(i) ! («_) = ^ad(i) a op fl « oad(i) oj) fl oad(i) 1 1 a (v,-). 

(-1)' 

fc!Z! 

E (E a./ J ~vl + + l + 1 v ) <M+ ' ad(x)fc ' ° ad(x) ° Pfl° "*(*)'' («-)>■ 



w e *(u + ,u_) = ^ — ad(i) Ha o p 8 , o ad(i) o p 9 o ad(s) ! 1 "(«-)) 

k,La>0 

\l'+a+l 



r „ . () (//-a)!(/' + n-l) 



Now 



v (-i)' ,+Q+1 _ + r + _ (k' + v + i\ k , (k' + v + \\, 

4-: {k'-a)\(i' + a + iy. (k' + i' + iy. { v i' + i / V *' + 2 + l ^ + + 



Q>0 



(-l) fc ' + ' ,+1 / A' + 1' + l\ _ fk' + l' + 1\ fc , (k! + /' + 1 

(fc' + i' + l)!^ J ^ 1 )+■■■ + ( L ) { k ' 

{-i) k ' +l ' + \ { _ l)k . (k' + l>\_ (-l) r+1 



{k' + v + iy} ' \ k 1 ) {k> + v + i)k'\v\' 

It follows that {/_, / + }(e x ) = w e i 

This ends the proof of the Lemma. □ 

Lemma 3.14. The bilinear map (— ,— ) of Lemma 3.13 extends to a bilinear map (— ,— ) : 
C[[J7^]]fi x ?7ft(u+) — > C[[.L*]]ft, whose reduction modulo h is a bilinear map (— , — )o : C[[£71]] x 
C/(u+) — > C[[L*]], uniquely defined by the conditions that (fg,x) = J2(f,x^) (g,x^) for 
any x G U(u+) and f,g G C[[£/*]], and (f,u + ) is the formal function I* i— > u>e*(u + ,f) if 
f G m([/!.) and / is its image in U-. 

In particular, we have (f,x)o = i/val(a;) > deg(/). When val(a;) = deg(/) = n, the pairing 
^ . ) q factors through a bilinear map S n (xi-) x 5 n (u + ) — > C[[L*]] ; which coincides with the 
map described in Lemma 3.13. 

Proof. The first statement follows from the fact that C[[J7*]]n is the /Vadic completion of 
E n >o' ! " m P*)s- The rest follows from the formula 

(f,Ui ■ ■ -U n ) = {{f,f Ul }, ■■■ , fu„}\L*i 

where /„ G m(U+) is a lift of u G u+ = m(?7+)/m((7|) 2 and the results of Lemma 3.13. □ 

End of proof of Theorem 3.12. The properties of (— , — )o, together with the nondegeneracy of 
ive*(u + ,u-), imply that there exists a unique clement T G J7(u+)(§>C[[L*]] P s<I>C[[I7*]], which 
we write T = X)i -^»,o ® £j,o ® Bi,o, such that for any f G C[[E/*]], x G U(u + ), we have 

^(/o>^i,o)o-t'i,o(-Bi,0>#o)o = (/o>#d)o- 
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To satisfies the relation "f^ 2 ' 3 ' 4 = Tq' 3,4 T 2,3 ' 4 , which implies that it has the form To = cxp(uo), 
with vo G u + (g)C[[L*]]pB ®m(J7* ); moreover, the properties of (— , — ) imply that the projection 
of v in u+ ® C[[L*]] P i ® u_ is (af) 1 ' 3 ' 2 . 

Let Ti be a lift of T to U n (u + )®C[[L*]] P i !h ®C[[Ul]] h , which we write Ti = J2i A i,i ® 
L M ® B iA . Define <p : C[[U*_]\ h -> C[[L*]] P , ift ®C[[^*]]» by 

Then the reduction modulo ft of <p is C[[C/*]] C[[L*]]p 9 ®C[[C/*]], f i-> /o ® 1. 

ip gives rise to an endomorphism <J5 of C[[L*]] P s ift ®C[[i7*]]ft, defined uniquely by tp(£® f) = 
(£®l)tp{f) for £ G C[[L*]] P 8 )ft , / G C[[f/*]]fi. The reduction modulo ft of <^ is the identity, so 
cp is invertible. Let ip be its inverse. Define T by 

T 1 ' 3 ' 2 := ^(At,! ® L M ® 1)(1 ® V(l ® 

i 

We write T = Y Jl A i ®L l ® B,. Then if / G C[[Ul]] h , we have 

]T(/, a^u ®b 1 = y, ((/, ® 1)^(1 ® = ® ^(/) (2) ) 

i i 
= iPo ip(f) =iPoip(l®f) = l®f. 

Here we write </?(/) = ® the third equality follows from the fact that V 

satisfies ® /) = €5 1)-0(1 ® /). The other properties of T follow from the fact that 
(mod h)(tp) is the identity. 

Finally, the fact that T 2,1 ' 3 is in Un(u-)®C[[U^]]®C[[L*]] P s H is proven by exchanging the 
indices +, — . □ 

3.6. The dynamical twist tyf. Set now 

^ = (Y^A i ®B i S(L^)®S(L^))-\ 

i 

Then^f lies in U h (u+)®(C[[Pl]] h ®C[[L*}} P 9 ih ) , therefore in (U h (u+)®U h (p-))®C[[L*]] P * ih . 
Theorem 3.15. tyf satisfies the dynamical twist equation 

(^8)1,2,34(^12,3,4 = (^S)2,3,4(^8)l,23,4_ (29) 

Moreover = 1 + 0(h), and (mod 7i)(/i _1 (\I>f - 1)) = af . So $>f is a quantization of af . 
Here (ff) 1 ' 2 - 34 := (id ® id ®A r )(*f ), see Proposition 3.9. 

Proof. Similar to the proof of Proposition 2.5 in [EE2]. □ 

Remark 3.16. When the cobracket of 1 is zero, [* = L* and Pf defined by (10) is a homo- 
geneous element of C[[L*]] = S'(l). So Lemma 3.10 implies that the construction of Theorems 
3.12, 3.15 are generalizations of [EE2], Propositions 0.1 and 1.1. Theorem 3.15 may also be 
viewed as a generalization of the construction of [EV2] to the case of a nonabelian base. 



QUANTIZATION OF SOME POISSON-LIE DYNAMICAL r-MATRICES 21 

3.7. Localized Harish-Chandra maps. Let 0(X)n be QFS algebra, i.e., a flat deformation 
of a formal series algebra O(X). To each D e 0{X), we associate the completed localization 
0(X) DiH . 

Proposition 3.17. Let D E 0{X)n be a lift of D. For each a > 0, the subspace O a {D) := 
{Si>o ^ x i\ x i £ D~ l ~ a O(X)fi} C 0(X)]j_n is independent of a choice of D. We denote it O a . 
Set d := 0{X) h . Then we have O C <D\ C 2 C . . . , and O a Op C O a+f} , for any a,{3>0. 

Proof. For a, b E 0(X) h , set ad fi (o)(6) = fi _1 [a, 6]. Then ad ft (a)(6) G 0(X) ft . Then we have: 

Va e 0{X) H , at)- 1 = D~ l a - HD' 2 ai h (D)(a) + h 2 D~ 3 &d h {D) 2 (a) . (30) 

Using this identity, one shows that O a (D)Op(D) C Oa+p(D) for any a, [3. 

Let us now prove the independence statement. Let D be another lift of D. Then D = D + ha, 
where a G 0{X) h . Then: 

I)" 1 = D- 1 - HD~ 1 aD~ 1 + tfD^aD^aD- 1 . 

Using (30), we see that D^ 1 e 0\{D). In the same way, one shows that if x e 0(X)n, then 
h i D~ 1 ~ i x e OiGD), therefore 0x0) C d(£>). So £>i(I>) = d(£>). In the same way, one 
shows that O a (D) = O a (D). □ 

Let p = I © u be a Lie bialgebra with a splitting. Then we have a Hopf algebra inclusion 
C[[L*}} C C[[P*]] and an algebra inclusion C[[U*]] C C[[P*]]. Let n £ C[[L*]] be a nonzero 
element. 

Let Un([) c -> %(p) -» J7n(0 be a quantization of [ ^> p -» I. It gives rise to a QFSH algebra 
inclusion C[[L*]] h C C[[P*]] fi and a left coideal inclusion C [[?/*]] fi C C[[P*]] ft . The tensor 
product of inclusions followed by the product yields isomorphisms of topological vector spaces 

C[[L*]] h ®C[[U*]] h - C[[P*]] ft) C[[£/*]] ft ©C[[L*]] ft - C[[P*]] h . 

Proposition 3.18. The tensor product of inclusions followed by the product also gives rise to 
isomorphisms 

a : C[[L*]]n,n®C[[tf*]]/i - C[[P*]] u ,k, P ■ C[[£/*]] ft ©C[[P*]]n, ft - C[[P*]] n , ft . (31) 

Proof. The inclusion C[[L*]]n — > C[[P*]]n,ft obviously extends to an inclusion C[[L*]]n,R — > 
C[[P*]]n,n- Then the reductions modulo ft of the maps (31) coincide with the product map 
C[[X*]]n<§>C[[{/*]] — > C[[P*]]n, and with its composition with the permutation, which are iso- 
morphisms. Therefore the maps (31) are isomorphisms. □ 

Let now g = 1 © u+ ffi u_ be a polarized Lie bialgebra with a splitting. Let II 6 C[[L*]] be 
a nonzero element and let Uh{l) C Un{p±) C Uh(g), Un{p±) — > Un(l) be quantizations of the 
natural Lie bialgebra mor phisms. Define a product on C[[£*]] n ,fi®(C[[[/+]]fc(g>C[[L/* }} h ) by 

fj, = (132) o (m c[[t/ . ]]B © m c[[L*]]„ , n ® m c[[(7- ]] J ( id ® e + ® id ^e- 1 ® id ) 
o (id © id ©tt © id © id) o ((132) © (132)), 

where tua is the product map of an algebra A, = (m J 4©id)om J 4, e± : C[[i*]]n,?i©C[[C/^ : ]]r l — > 
C[[?7J]]ftii)C[[L*]]n,ft is the composition fa 1 o a± (see (31)), 

7T : C[[U*_]] h ®C[[U* + ]] n -> C[[C/;]] R ©C[[i*]] R ©C[[C/:]] R 

is the composition of the product C[[f7* ]]fi®C[[t/£]] ft ->■ C[[G*]] fi with the inverse of PBW (see 
Section 3.3). 
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Proposition 3.19. /_* is an associative product, extending the transport of the product on 
C[[G*]] h by PBW. Let IT G C[[G*]] be a nonzero element, such that ILL, = II. Then there 

is a unique algebra morphism PBW" 1 : C[[G*]]n',ft -> (C[[L*}} n ,h®(C[[Ul]]®C[[Ul}} H ), (j) , 
extending PBW -1 . 

Proof. The maps a±,f3± satisfy identities implying the associativity of /i. The reduction of 
\i modulo ft is the standard product on C[[i*]]p(X>C[[C/jJl]]®C[[J7*]]. So it remains to prove that 
the image of II' G C[[G*]] in this algebra is invertible. This image is II <g> 1 <g> 1 + J2i ai®bi®Ci, 
where b t ® Cj belongs to the maximal ideal m(U+ x [/* ) of C[[C/jjl]](g)C[[J7*]]. Then the inverse 
of this image is J2 a >o(~ l) Q (n _1 ® 1 ® l) a+1 (Ei &i®bi® Cj) a ; the term corresponding to the 
index a belongs to m(t7T ® J7I) a , so the series converges. □ 

Remark 3.20. Set H :=(e® id ®s) o PBW -1 , then if is a flat deformation of the restriction 
map C[[G*]] — > C[[L*]]. fi is also an analogue of the Harish-Chandra map. Let us define H as 
the composed map C[[G*]} w> n - C[[L*]] n ,fi® (C[[C^]]»®C[[Cr*]]») id< ^® £ C[[L*]] n ,/i, then £ is 
an extension of H. We will denote if, if by if 8 , If, 8 to avoid confusions. 

3.8. The quantum composition formula. We now prove a Poisson-Lie analogue of Propo- 
sition 2.15 in [EE2]. Namely, we prove a composition formula for the twists \& B . It may be 
viewed as a quantization of Remark 2.8. We will use it to determine \E f ® using 'I' 8 and vf^ in 
the situation of Example 2.1. 

Assume that g = [©u+©u_ and I = £©m+©m_ are nondegenerate polarized Lie bialgebras. 
Set t>± = u± m±. Then g = 6©0 + ©0_isa nondegenerate polarized Lie bialgebra (the 
nondegeneracy follows from [EE2], Lemma 2.13). We fix compatible quantizations of these 
polarized Lie bialgebras. 

We denote by P 8 G C[[L*]] and P t ',P 8 G C[[fT*]] the elements associated to the decomposi- 
tions g = [©u+eu_, [ = t©m+®m_, = according to (10). Then P { 9 = (P^)\ K ,P^. 
It follows that we have natural injections 

C[[#*]](p.) |jr .,/i ^ C[[K*]]p»,k ^d C[[K*]] Pith ^ C[[K*]] P » !h 
Define the linear map 

by V (a ® (3 ® A) = EiE^Ag) (g) /8S(Ag) ® e(A_,,)A , 4 , where PBW^A) = E» ® 
A 0il ® A_,i, with A ±li G C[[Mi]]» and A , 4 G C[[Jf*]] (P . )|Jf . )ft C[[K*]] P ^ h , so that A = 
zCi A+^AciA-jj. 
Proposition 3.21. VFe have 

(^)- 1 =r ? ((^)- 1 )(^)- 1 
(equality in (U H (t> + )®U n (p-))®C[[K*]] P i th ). 

Proof. Similar to the proof of [EE2], Proposition 2.15. □ 

Remark 3.22. As in [EE2], Remark 2.16, this formula enables one to recover \P B from <3> fl . 
Indeed, let 

77' : (^(t> + )g^(p_))®C[[«-]]p. ift - (C/ ft (u + )§%(p-))®C[[/f*]]p», ?l [ft- 1 ] 

be the linear map taking u + X + ®p_ ®fc to u + <8)p_»S(A + )(g>£;, where w + G Uft(u+), A + G £/fi(m+), 
p_ G Uh(p-), k G C[[if*]] P 8 ft . Then rf or) = id ® id ®H\. Now \I/ 8 may be recovered uniquely 
from its image id ® id ®H\ using its [-invariance, as in [EE2]. 
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4. POISSON HOMOGENEOUS STRUCTURES ON G/L 

We first complement Section 1 by studying reductions of the (quasi)Poisson structures asso- 
ciated with dynamical r-matrices. 

We then restrict ourselves to the case when G is simple and L C G is a Levi subgroup. The 
Poisson homogeneous structures on G/L were classified in [DGS]. The set of all these Poisson 
structures is an algebraic variety V, which we study in Section 4.2. We introduce a Zariski 
open subset T$ C V and show that the Poisson structures corresponding to elements of Vo can 
be expressed using PL dynamical r-matrices, and can therefore be viewed as examples of the 
construction of Section 4.1 (Section 4.3). 

4.1. Reductions of Poisson structures. Let I C g be an inclusion of finite dimensional Lie 
bialgebras. Let i* lg be a Poisson-Lie algebraic group with Lie bialgcbra V, let C[L*] be its 
Hopf algebra of regular functions. Let a — J2a a a ® b a <£> l a G A 2 (g) ® C[L*][1/P] be a PL 
dynamical r-matrix for (L*,g, 0). Then the quasi-Poisson structure of Section 1.4 is actually 
Poisson. 

Define G/L as the quotient of the formal group G by L; its function algebra is C[[G/L]] = 

{/eC[[G]]|Voe l,R a (/) = 0}. 

The Poisson structure of Section 1.4 may be reduced to define a Poisson homogeneous struc- 
ture on G/L, as follows. Assume that xl* G -^aig ^ s a point where the Poisson bivector vanishes 
and where a is defined (xl» may be viewed as a character of C[L*], such that XL*({f, <?}) = 
for any f,g£ C[L*}). Set <t(xl*) := ^2 a £ a (XL*) a a ® b a . Define a bilinear map on C[[G]] by 

{9i,92}xl* : = {9i,92\g - to(R® 2 (ct(xl*))(9i ® 9i))- 

This map restricts to a bilinear map C[[G/L]] 2 — > C[[G/L]], because for any a G i, the vector 
field dressf vanishes at x- One also checks that this is a Poisson structure on G/L, which is 
Poisson homogeneous under the right action of the Poisson-Lie group G. 
The reduction outlined here is a generalization of [Lu] . 

4.2. The Poisson homogeneous structures on G/L. 

Proposition 4.1. Let (g,r ) be a coboundary Lie bialgebra, i.e., r G A 2 (g) is such that 
Z(ro) — CYB(r ) G A 3 (g) B . Let [ C g be a Lie subbialgebra and assume that Q= [ffiu, where 
[1, u] C u. Let V be the set of all elements p G A 2 (u)' ; such that the equality CYB(p) = Z(r ) 
holds in A 3 (g/[). The Poisson homogeneous structures on G/L correspond bijectively to the 
elements ofV. 

Proof. The proof is straightforward. The Poisson structure corresponding to p is {/, g} p = 
-m((L® 2 (r ) + R® 2 (p))(/®.g)). ' □ 

Remark 4.2. 1) If r(A) is a dynamical r-matrix for (l,g, Z(ro)), and x G I* is a character such 
that r(x) is defined and belongs to A 2 (u), then r(%) belongs to V . 

2) The cobracket of g is 5(a) — [a 1 + a 2 , ro]. Assume that ro = ro,[ + ro, u , where r^.i G A 2 (f), 
^o,u G A 2 (u). If L* lg is an algebraic PL group with Lie bialgcbra [*; if cr : L* lg — > A 2 (g) is 
a PL dynamical r-matrix for (L* lg ,g,0); if xl* G L* lg is a point where the Poisson structure 
vanishes, such that <t(xl*) is defined and belongs to A 2 (u), then <t(xl*) ~ r o.u also belongs to 
V. □ 

When g is a simple Lie algebra, [ C g is a Levi subalgebra and ro is the standard r-matrix 
of g, the authors of [DGS] described the set of all Poisson homogeneous structures on G/L 
explicitly as follows. 
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Let f) C [ C g be a Cartan subalgebra. Let 7 be the index set of I and let 3 be the center of 
[. Then 3 C f). 

Denote by A(l) C A(g) C fj* the sets of roots of I and g. Define A(g, [) C 3* as the set of all 
elements of 3*, which are restrictions to 3 of elements of A(g), and are nonzero. The elements 
of A(g, [) are called quasi-roots. 

Lemma 4.3. For any a £ A(g), the restriction of a to 3 is nonzero iff a ^ A(l). 

Proof. Let us fix a system a s ,s £ [l,r] of simple roots. Recall that 7 c [l,r] is the set of 
indices of [. Then f)* = ©[ =1 Caj decomposes as (©j e jCaj) © (©j^/Caj). The annihilator of 
the first space is 3, so the second space identifies with 3*. Let a £ A(g) be such that atu = 0. 
Let us show that a £ A(t). Set a — Ylse[i r] n s a s- If s £ S, then (a s )| 3 = 0. Therefore 
a \i = Ss^/ n s( a s)\f Since ((o!s)|3)s^/ is a basis of 3*, we get n s = for any s ^ 7, so a £ A(t). 

□ 

It follows that A(g; [) is the image of A(g) \ A([) by the restriction map, which is therefore 
a surjection A(g) \ A([) — > A(g; I). 

We fix a system a s , s £ [l,r] of simple roots and denote by A + (g), A + ([) the corresponding 
systems of positive roots of g, i. We define A + (g;[) as the image of A + (g) \ A+([) by the 
restriction map. 

Lemma 4.4. A(g; [) is the disjoint union A + (g; I) A + (g; [)). 

Proof. It suffices to show that the union is disjoint. Assume that a, (3 £ A + (g; [) are such that 
a + (3 = 0. Let a, (3 £ A+(g) \ A+(l) be preimages of a,j3. Set a = X^=i a s a s , (3 = Y^s=i b sCt s , 
then (a + (3)\ 3 = 0, which means that a s + b s = for any s ^ 7. Since the a s ,b s ,s £ 7 are all 

> 0, we get a s = 6 S = for any s £ I. So a, (3 £ A + ([), a contradiction. □ 

If a £ A(g) \ A([), we denote by a £ A(g; [) its image by the restriction map. 
For a £ A + (g), we fix elements e a £ g Q , f a £ g_ Q such that {e a ,f a ) = 1 ((—,—) is the 
Killing form). 

Proposition 4.5. (see [DGS]j V consists of all the elements of the form 

P= C W e a Af a , 

9eA+( fl; i) aeA+( fl )\A + (i)|a=e 

where c : A + (g; [) — > C is such that for any 9,9' £ A + (g; [) such that 9 + 9' £ A + (g; [), 
c(9 + 9') (c{9) + c(9')) = c(9)c(9') + \ . 

V therefore identifies with an algebraic subvaricty of C A +' 8;I ^. 

Define Vq CP as the Zariski open subset defined by the condition that for any 9 £ A + (g; [), 
we have c(9) ^ ±1/2. 

Lemma 4.6. Any element of A + (g; [) C 3* is a linear combination of the a Sl s ^ I; the 
corresponding coefficients are nonnegative integers, which do not vanish simultaneously. 

Proof. If 9 £ A + (g; [) and a £ A + (g) \ A + ([) is such that a — 9, then a = X^ s e[i r] n s a s, 
where n s > and the n s , s ^ 7 are not all zero. Therefore # = X^s^j n s<^s, where the n s are 

> 0, integers, and not all zero. □ 

Let 7 := [l,r] \ 7. If £ A + (g, [), we denote by (n s (9)) se j the integers such that 9 = 
J2seT ns ^^ s - We- denote by \o ■ (C x ) / — > C x the group morphism taking (t s ) se j to 
n se r^ (e) . If t £ C x \ {!}, we set «(t) := |i±|. 
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Proposition 4.7. There is a unique isomorphism of algebraic varieties 

t :(C x ) 7 \ |J Ker(xe)^V , 
eeA + ( 8 ,i) 

taking (t s ) seI to (c(6)) 0eA+M , where c{6) = k o xe((t s ) seT ). 

Proof. Let us first show that l is well defined. If t = (t s ) se j belongs to (C x ) I \l>8eA + ( s ,() Ker(xe), 
then Xf(t) 1) so KO Xe(t) G C is well defined. Moreover, the family (ft°Xe(t))eeA + (g;i) satisfies 
the defining relations of V, because of the identity k(x + x') (k(x) + k{x')) = \ + k(xx') for any 
x,x' G C x such that X j X 5 XX ^ 1. Finally, k o Xe(t) belongs to the image of k, hence is not 
equal to 1/2 or —1/2. It follows that (k o Xe(t))eeA + (g;t) belongs to "Po- 

i is clearly a morphism of algebraic varieties. To show that is it an isomorphism, we will 
construct the inverse morphism. We claim that there is a unique morphism 

i':Vo^(C x Y\ |J Ker( Xe ), 
eeA+( B; [) 

taking (c(6>)) eeA+(8;[) to t = (t s ) seT , defined by t s = K" 1 (c(o; i! )) (we have K' 1 (y) = §^pj)- Let 
us show that i' is well defined. Since each c(a s ) is ^ ±1/2, each t s is defined and belongs to 
C x . Moreover, using the fact that (c(9))g eA+ ( g .^ obeys the defining relations of V, one proves 
by induction on ht(0) = J2 s ei n ^°) that 1 + Xe{t) = 2(1 - x e (t))c(0). So xe(t) ^ 1 for any 
6 G A+( fl ; [). So i' is well defined. 

It is straightforward to check that i and il are inverse to each other. □ 

If t G (C x ) 7 \ U ee A + (B;[) Ker(xe), we denote by p t the element of Vq corresponding to t 
under t. Then 

1 V- 1 + Xe(t) v-- 

6eA + ( ;[) A " V ; aGA + ( )\A + ([)|g=e 

4.3. The Poisson structures from Vq are reductions. In this section, we show that the 
elements of Vo can be obtained 

(a) using a dynamical r-matrix rf and a character x G [*, as in Remark 4.2, 1) (this result 
was also obtained in [KMST], Theorem 15); 

(b) using the PL dynamical r-matrix af and an element xl* G L* lg , as in Remark 4.2, 2). 
This shows that any Poisson structure from Vo is 

(a) a reduction of a Poisson structure on F x G, as in [Lu] 

(b) a reduction of a Poisson structure on L* lg x G, of the type described in Section 4.1. 

4.3.1. Vo and rf . It follows from [FGP, EE2] that there is a unique dynamical r-matrix rf : 
I* — > A 2 (g) for (l,Q,Z(ro)) (see Example 1.5), such that 

VA G f)*, rf (A) = -1 £ C oth^^e Q A/«+ £ <p(A, a)e a A / a , 

a€A+( 8 )\A+([) " a£A+([) 

where <^(a;) = — \ coth(x/2) + 1/x. 

Recall that {characters of [} = 3*. If A is a character of I, then (/?, A) = for any /3 G f)*, 
therefore (a, A) = if a G A + ([), and if a G A + (g) \ A + (Q, then (a, A) depends only on 
a G A + (g; [). We denote it by (a, A). 

Definition 4.8. A character A of i is called regular iff for any G A + (g; [), (6, A) </ lixiTL. 

There is a unique map {regular characters of [} — ► (C x ) 7 \ Ue e A + (g;[) Ker(xs); taking A to 
t(A) = (t s ) se j, where t s = e^ as ' X K The map A t(A) is a covering with group Z 1 . 
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Lemma 4.9. If x is a regular character of I, we have p t [ x ) — rf (x)- 



Proof. We have (a, x) = if a e A + ([), which simplifies the expression of rf(x)- □ 
It follows from [Lu] that the bilinear map on C[[G]]) defined by 

{5i,52}lu = m(L® 2 (r )( 3l ® g 2 )) + m(R® 2 (r? ( X ))( 5 i ® ff2 )) 
restricts to a Poisson structure on C[[G/i]]. 

Corollary 4.10. The Poisson structures {— , — }l u an d { — , — } Pt coincide. 

4.3.2. Vq and of. Let us restrict of : i* lg — > A 2 (g) to i/* lg C L* lg . if* lg is a torus with Lie 
algebra ()*. We have 

\ ^ e a A f a 



of(e*) 



^ 1 - e -(x- Q ) 

aeA + ([)\A+( fl ) 



for any x £ f)* such that the denominators are nonzero. 

Lemma 4.11. There is a unique subtorus Z* lg C H* lg with Lie algebra 3*. If t € (C X ) J \ 
UeeA + (g ; [) Ker(xe); there exists a regular x 6 3* sucA i/iai e^*'" 3 ' = t s for any s G I. Set 
Xl* = e x ■ Then the Poisson structure o/L* lg vanishes at XL*, and p t = of (xl*) — ?*o,u- 

Corollary 4.12. The Poisson brackets { — ,— } Xl , and { — ,— } Pt (see Section 4-1) coincide. 
Proof. If 9l ,g 2 e C[[G}], then {.gi,.g 2 } G - m((R» 2 - L» 2 )(r )( 5l ® <&)), so 

= -™(L^ 2 M( 5l ® 32)) - m(R® 2 (<7? (e*) - r )(fli ® 32)) 
= {.9i,.92}p t +m(R 02 (r O j)(gi ®5 2 )) = {si,ff 2 }p t 
since gi and g 2 are [-invariant. □ 

5. Quantization of Poisson homogeneous structures on G/L 

In this section, we construct quantizations of all the Poisson homogeneous structures on 
G/L, corresponding to elements of Vq. For this, we prove algebraicity results for and \Ef , 
relying on the computation of [DCK] of the determinant of the Shapovalov pairing for U q (g). 
We can then construct the element (^f ) _1 (x), which serves to quantize G/L in the usual way. 

5.1. Algebraicity of \I>jJ. Let ?7ft(f)) C Uh{q) be the subalgebra generated by the hi. Then 
Uft(J)) = C[hi,i = 1, . . . ,r][[h]]. The intersection of this algebra with C[[G*]] h is C[[H*]] h = 

C[[hhi,h]]- 

Set q — e R , ki — e hhi . If [3 = J2i n i a i ^ s a positive root of g, we set kp = Yll=i ■ Set 
C[£F] fl = <C\kf- x ,i = 1, . . . ,r] B [[ft]], where the index means that we invert all the A: 2 — 1, where 

0eA + ( fl ). 

Proposition 5.1. 1) belongs to Un{n + )%U h {n-)%€\H*] . 
2) belongs to U h {xi+)%U h {b-)%C[H*] a . 

Proof. Let us prove 1). Tjj is the sum X) Q ez r C^fj)"' wnere (f f|)a is inverse to the quantum 
Shapovalov pairing U h (n+) a ® f7 ft (n_)_ a — > C4(f)), ft(j/a;). Here f7 ft (n±) C Uft(fl) arc 

the subalgebras generated by the a (resp., the fi), and the index ±a means the degree ±a 
part. 

Let t/ 9 (fj) C be the C(g)-subalgebra generated by the et,fi and ki, and £/q(n±), 

f7 g (f)) the C(g)-subalgebras of U q (Q) generated by the ei (resp., the /,, the fc^ 1 ). Then the 
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Shapovalov pairing restricts to a pairing U q (n + ) a ® £/ g (n_)_ a — > C/ g (f)), the determinant of 
which was computed in [DCK], Proposition 1.9, (a). Let det a be this determinant; then 

(T«) Q G U q (n + ) ® C/ g (n_) ® E/,(f,)[l/det a ], 

where the tensor products are over C(q). It follows from [DCK] that if we identify det a with 
its image in C[kf x ,i = 1, . .. ,r][[/i]], then we have 

det Q =u a h-^">° p{a - n0) J] (^-l) E ^° P(a " n/3) (l + C(7l)), 

/3eA + (g) 

where P(a) is the number of decompositions a — X)/3eA + (g) with kp G Z + and u a is 
invertible. Therefore det Q is invertiblc in C[H*] g . So (T^) Q e ?7ft(n + ) a <g>£/ft(n_) - a §)C[H*]\ oc . 
We also know that the fi,-adic valuation of (Tjj) a tends to infinity with a, which implies 1). 
2) then follows from the fact that the "left coproduct" A, takes C[H*} 3 to C[H*] s ®C[[hhi, h}}. 

□ 

5.2. ( x I / f) _1 (x) an d its properties. Set [ + = © Qe A + (i)Ce Q , I- = © a eA+([)C/ a . Denote by 
-ffj : C[[i*]] P o h — > C[[if*]](pO) |jf , ifi the Harish-Chandra map as in Section 3.3. 

Set C[7?*] .[ := Cffc^i = 1,... , r] fl .[[[7i]], where the index means that we invert all the 
k%-l,l3e A+( fl )\A + ([). 

Lemma 5.2. Set E := (id <8> id ®^)((*? Tften H £ f7 ft (u + )§C/ ft (p_)§C[ J ff*] 0;[ . 

Proof. We already know that G C/ ft (u+)§)L r ft (p_)(8)C[[L*]]p [0ifi . Therefore 

(id®id®^)((*?)- 1 ) G U H (u + )®U h (p-)®C[lH*}} { P niH ,,H, 
where we recall that {P?) ]H * = Uf3eA + ( B )\A + H)( k2 f) ~ 

On the other hand, Proposition 3.21 implies that ^((ff)- 1 ) belongs to tffi(fl)® 2 <§>C[.H'*] B . 
Therefore rj' o r/((*f = (id(8)id(g) J ff [ )((*f)" 1 ) belongs to the same space. 

Now C[[.ff*]](p«) fi n C[iP] fl = C[iP] fl;[ , which implies the lemma. □ 

Let us denote by H : {C[[L*_]} h ) %{C\[L* + ]] h ) -> C[[H*]] fi the map a; ® y ^ H^xy) (here 
A denotes the augmentation ideal of an augmented algebra A). 

Lemma 5.3. The identity 

S 2,3,4 S 1,23,4 = (id® 3 ®^)^**)- 1 ) 1 ' 2,34 )^ 2 ' 3 ' 4 (32) 

holds in J7fi(fl)® 3 §(C[i/*] g; [/ J) . Here I C C[[i?*]]( P o )|H , _ fi is ffce idea/ generated by lm(H) and 
J := lnC[H*} 3 ,i. 

Proof. Apply id® 3 ®-H[j to the equation derived from the dynamical twist equation (29) by 
taking the inverses of both sides. We have ('J 3 ) -1 = E + 6, where 6 = J2 i a ® bi <8> c^di, 
and a t ,b t G U h {q), l t G <C[[H*]] (P?) ^ h , c t G C[[L*]]», d t G C[[L!_]]», and e(cj)e(di) = 0. Then 
if £ G C[if*] B;[ , then H\{icdidi) = H^l^) = e(cj)e(di)#i = 0, and H^c^c^d,) = 
e(ci)s(dj)£iHf ) (diCj)£j . So the "9-S" contributions vanish, and the "6-9" contribution involves 
only pairs (i, j) such that e(ci)e(dj) ^ 0; if is such a pair, then e(di) = s(cj) = 0; so this 
contribution belongs to / = (Im(ff)). So (32) holds in U h (g)® 3 ®(C[[H*}} (P B )iH ^ h / 1) . Now 
both sides of (32) belong to l^(g)® 3 C§)C[-ff*] B: [, which implies the lemma. □ 

Let x be a character of [. As \ is uniquely determined by its restriction of [}, we identify 
it with an element of f)*. Recall that \ is regular iff for any [3 G A + (jj) \ A + ([), we have 
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X(hp) £ 2iriJj. Here for (3 = Y^s=i n s a s S A + (g), we set hp — Y^ s =i n sh s - It follows that \ is 
regular iff af is denned at e x . 

Then if \ is regular, there is a unique character x '■ C[-ff*] fl; [ ~* taking each k s to 

exp(x(/i s )/2). We generalize these definitions to the case of a character x '■ ' ~^ as 
follows: x is regular iff (x(fya) mod ft) ^ 27r«Z for any /3 G A + (g) \ A + ([); then x is defined in 
the same way. 

Recall from Lemma 5.3 that J is an ideal of C[H*] g .\. 

Lemma 5.4. If x is a regular character of I, then J C Ker( X ). 

Proof. Let 3 be the center of I, and set f)[ := [' n h, where [' = [I, []. Then f) = h t ©3. f)i is 
spanned by the where s G [1, r] is an index of L 

C[[H*]](p«) |H , )fi is the fi-adic completion of C[[/i s , ft, s = 1,... ,r]][(fc| - l) _1 ,/3 G A+(g) \ 
A + (Q], and I is the complete ideal of C[[-ff*]](ps) fi generated by f)[, i.e., by the /i s , s an 
index of [. 

Recall that C[H*] g . { = C[k±\s =1,... ,r][(A$ - l) _1 ,/3 G A+(g) \ A+([)][[fi]]; then J is a 
complete ideal of C[H*] g -i, generated by the k s — 1, s an index of [. Then if x is a regular character 
of [, and s is an index of I, then h s G [t, t], therefore x{h s ) — and so X (fc s ) = exp(x(/i s )/2) = 1, 
so X (J)=0. □ 

Proposition 5.5. If x is a regular character of I, set S(x) := (id <8> id ®x) (") • Then 

zixf^ix) 1 ' 23 = (id^®(xo^))((W)- 1 ) 1 ' 2 ' 34 )s( x) 12 . 3 . 

Proof. This follows immediately from Lemma 5.3 and Lemma 5.4. □ 



5.3. Quantized Poisson homogeneous structures. In this section, we construct quantiza- 
tions of all the Poisson structures of Section 4.3. 

As before, g is a semisimple Lie algebra, [ C g is a Levi subalgebra, and x <= I* is a regular 
character of [. A quantization of the formal Poisson manifold L\G, cquivariant under Un(g), 
is constructed as follows. 

Set C[[G]]n ■= Hom(C/fc(£j), C[[h}]) and define the left and right actions of U h (g) on C[[G]]n 
by (L a f)(x) = f(S(a)x), (R a f)(x) = f(xa) for any a,x G U H (g). Then we set 

C[[G/L}] h = {/ G C[[G]] ft |Va G U h (l),K a f = e(a)f}. 

C[[G/L]]n is a subalgebra of C[[G]]ft; we denote its product by m%. 

The right action R restricts to an action of Un(g) on C[[G/L}]^. If /1, f 2 G C[[G/L]]n, we set 

fx * h = m h ((KoSr 2 (Z(xWi ® / 2 )). 

Theorem 5.6. (C[[G/L]]/j, *) is a quantization ofG/L with its Poisson structure described in 
Section 4-3, equivariant under Uh(s). 

Proof. Let us prove that * is associative. If x G C[[L*]] P s )fi is such that (id®Hf) o A(x) G 
U h (V)§>C[H*] g . u then applying e to the first factor we get H°(x) G C[H*] ml . Then (id®(x ° 
Hf)) o A(a:) G U h (l). Therefore, if h G C[[G/L]] h , we get 

R((id ®(x o o A(z)) (A) = (e ® (x ° ff 3 )) o A(x)fe = ( X o Hf)(x)h. 
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It follows that if f,g, ft G C[[G/L]] h , then 

((R o S)® 2 <g> R ® id) ((id® 3 ®(x o £["))((*? )" 1 ) 1 ' 2 ' 34 ) (f®g®h) 

= ((R o S)® 2 ® id) (( id ® id ® (x o Jf ?)) a*?)" 1 )) (f®g®h) 
= ((RoSf 2 ®id)(E( x ) 1 > 2 )(f®g®h). 

Using this identity together with Proposition 5.5, we obtain the associativity of *. The 
classical limit of * is then the Poisson structure of Section 4.3. One shows easily that R 
restricts to an action of Un(g) on C[[G/L]]r, compatible with *. □ 

6. Relation with [EE2] 

In this section, we compare the quantizations of the Poisson homogeneous structures on 
G/L obtained in Section 4 and in [EE2]. We first recall the construction of [EE2] (Section 
6.1). We then prove a rigidity result satisfied by the of (x) (Section 6.3). Finally, we compare 
both constructions (Section 6.4). As before, q is a semisimplc Lie algebra and 1 C Q is a Levi 
subalgebra. 

6.1. The construction of [EE2]. Let $ be a Drinfeld associator, to G S 2 (g) B be the Casimir 
element, and set $ := $(ftij' 2 , fti 2 / 3 ). According to [Dr2], there exists Jo G U(g) m [[h]}, such 
that J = 1 + ftr + 0(ft 2 ), and 

J 12 ' 3 Jo 1 ' 2 = Vjr ; jf ; . (33) 

Then {U(g)[[h}}, Ad(J _1 ) o A ) is isomorphic to (U h (g) , A h ) . 

In [EE2], we construct a solution J G [/(g)® 2 ®[/(l)[[ft]] of the dynamical pscudotwist equa- 
tion 

jl2,3,4jl,2,34 _ ^-1^1,2,3 jl,23,4 j2,3,4 

Here U(Vj is the microlocalization of U (I) w.r.t. Df , which may be defined as the unique clement 
of ,S dim ( u +)([) whose restriction to 1) coincides with Il/JeA (b)\a ([) @- 

Recall that {characters of [} =3*. Then if \ belongs to an analytic open subset U 3 * C 3*, 
then J(x) = (id® 2 ®ft~ 1 x)(-0 is well defined. For f 1 ,f 2 G C[[G/L]][[ft]], we set 

fi * h - mo(L« 2 (Jo)R'® 2 (J(x)- 1 )(A ® / 2 )). 

(we define R' by R o S). This defines a star-product on G/L, equivariant under the left action 
of ([7(g)[[ft]], Ad(J _1 ) o A ) ~ Ufi(Q), quantizing the Poisson structure of Section 4.1. 

Let us study the effect of a gauge transformation of J on this construction. Let u G JJ(g) [[ft]] 
be an invertible element, and set u* J = A (u)J a (u ® u)^ 1 . Then u * J is a solution of (33); 
we denote by * u the corresponding star-product. Then / R' u f is an isomorphism between 
the star-products * and * u . 

We now prove: 

Proposition 6.1. The solutions J of (S3) are all gauge-equivalent. 

Proof. According to [EK], there exists a universal series p ^ Jek(p)> sucn th & t if P is 
a solution of the CYBE, then J p := Jf K (p) satisfies J X2 ' 3 J x p ' 2 = 1 J]' 23 J 2 - 3 . Here $ p = 
$(htp' 2 , fit 2 ' 3 ), where t p = p + p 2 ' 1 . Then according to [EE3], we get J = v * J* K (Po), where 
Po G 0® 2 [[ft]] is such that (mod H)(po) = r , p a + p 2 ^ 1 = to, po satisfies the CYBE, and 
v G J7(g)[[ft]] is invertible. According to the Belavin-Drinfeld classification of solutions of the 
CYBE, p is conjugate to r + h a , where h G ft A 2 (f))[[ft]]. Therefore J = V\ * J§ K {ro + ho), 
where wi G [7(fl)[[ft]] x . Now the QUE algebra (C/(fl)[[ft]], Ad(j| K (r + fto) _1 )oA ) is isomorphic 
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to (?7ft(g), Aft), and therefore contains r = rank(g) QUE subalgebras isomorphic to t/j^sfe), 
corresponding to each simple root. 

Applying the dequantization functor corresponding to the associator $, we obtain the Lie 
bialgebra (g[[7i]], /z, &d(r + h )); this Lie bialgebra should contain r Lie subbialgebras isomorphic 
to (st2[[S]], standard structure), whose reductions modulo H are the subalgebras corresponding 
to the simple roots of g. One checks that such Lie subbialgebras can exist only if ho = 0. 
Therefore Jo is gauge-equivalent to J* K (ro). □ 

It follows that the star-products * and *„ are gauge-equivalent. We will now assume that 

= ^EK( r o)- 

Remark 6.2. Assume that g is simple. According to [Dr2], we have a bijection {g-invariant 
solutions of the pentagon equation in C/(g)® 3 [[/i]]}/(invariant twists)~ A 3 (g) s [[fi]] ~ C[[fi]], 
since g is simple. It follows that all the $ s coincide, when $ runs over all associators, up to a 
rescaling of h. Moreover, the <!> B all satisfy the same hexagon relation, so they all coincide up to 
twist. Then Proposition 6.1 implies that if <&' are two associators, there exists an invcrtiblc 
T G (C/(fl)® 2 )s[[fi]], such that J| K (r ) and TJf K (r ) are gauge-equivalent. 

6.2. Comparison of Levi subalgebras. 

Theorem 6.3. There exists an invertible element u G £/(g) 1 ' [[ft]], such that the subalgebra 
Ad(u) (17(0 PD C U(g)[[ti[] identifies with U h (l) C U h (g) under (^(fl)[[fi]], Ad(J| K (r )- 1 ) o 
A ) ~ (U h (g),A h ). 

Proof. Let Q be the quantization functor associated to <E> by [EK] . Apply Q to the sequence of 
inclusions of Lie bialgebras f) C [ C g. We get the sequence of inclusions Un(t)) C ?7ft(() C Ufr(g). 
We have an isomorphism t/ft(Q — £/([)[[ft]], such that the composed map f) C Ufr(l) ~ £/([)[[ft]] 
is the standard inclusion (see [EK2]). We have also an isomorphism Un(g) — £/(g)[[ft]], such 
that t) C Ufi(g) ~ U(g) [[h]] is the standard inclusion. 

Using these isomorphisms, Un(V) C Ufr(g) identifies with an injection [/([)[[ft]] [7(g) [[ft]], 
such that the composed map t) C £/([)[[ft]] C/($j)[[ft]] is the standard inclusion. The theorem 
now follows from the fact that such an injection is necessarily of the form Ad(u) o i, where 
u G U(g)^ [[h]] is invertible and i is the inclusion £/([)[[ft]] C £/(g)[[ft]]. This last statement is a 
consequence of: 

Lemma 6.4. Any derivation 5 : [ — > U(g), such that = 0, is inner, i.e., of the form 
x i ► [v, x], where v € U (g)^ . 

Proof of Lemma. Since I = 3 © we have an injection H 1 (t,U(gj) C H 1 (],,U(g)) © 
J c f 1 ([ / , U(g)). Since [' is semisimple and U(g) is a semisimple ['-module, the last cohomol- 
ogy group vanishes. It follows that there exists w G U(g) and 5q G H ($,U(g)) = 3* ® U(g) 3 , 
such that 5(z + I') = S (z) + [w, I'] for any z G 3 and V G I' . Now 5^ = 0, so 5i } — 0, so <5o = 0. 
On the other hand, 5 is a derivation of I, hence = S([z, I']) — [z, 6(1')] — [z, [w, I']] — [[z, w],l'] 
for any z G 3, /' G [', i.e., [z, w] G U(l) 1 for any z G 3. 

The decomposition of U(g) as a ['-module has the form U(g) = U(g) 1 ©(BpeirrfT) p^i M p ®V p , 
where Irr([') is the set of irreducible finite dimensional ['-modules, and 1 is the trivial ['-module. 
Let w = wq + S P eirr([') p^i w p ^ c tnc corresponding decomposition of w. Then if z G 3, we 
have [z,wo] G U(g) 1 , and [z,w p ] G M p ® U p , so [z,^] = for any p ^ 1. We then set 
v := X^eirr(t') p^i w p- We have for any I' G [', 5(1') = [w,V] = [w — w ,V] = [v,V] since 
w G U(gf , and 5(z) = = E pe irr(['),^i K" z l = for an y z e 3- Hence 5(0 = [v,l] for 
any Z G I. Since <5| jj =0, we also have v G U(g)^. □ □ 
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We will now assume that Jo = u 1 * ^EK( r o)> therefore C/([)[[ft]] is a QUE subalgcbra of 
([/( )[[fi]],Ad(J o - 1 )oA o ), which is the image oiU h (l) C U h (g) under U H (g) ~ (U(g)[[h]], Ad^^o 
A ). 

6.3. Deformations of vf(x)- Proposition 4.7 can be generalized to a scheme-theoretic setup 
as follows. If R is a ring containing C, define V(R) as the set of all (c(9))g e & + (g;l) G -R A+< - B;I \ 
such that for any 6, 9' 6 A + (g; [) such that 6 + 6' G A+(g; [), we have c{6 + 9')(c{6) + c(6>')) = 
c(9)c(0') + j. Define Va(R) as the subset of V(R) of all (c(6))g e /± + r g H, such that for any 
6 G A+(g; [), c(6) ± 5 is invcrtiblc in i?. 

Define X e ■ (R X ) T -» # x by X9 (t) = Il a e/*"" W if * = (*«)«€/. and dcnnc X ( R ) c ( i?X ) / as 
the set of all t, such that Xe(t) — 1 is invertible in R for any # G A + (g; [). 

Then the isomorphism t generalizes to an isomorphism between Vq(R) and X(R). 

When R is the ring C[s]/(£ 2 ) of dual numbers, Vo(R) is the preimage of Vo(C) under the 
natural map V{R) — ► T'(C). In the same way, is the preimage of (C x ) I \^JeeA + ( S ;i) Ker(xe) 

under (i? x ) 7 -> (C x ) 7 . 

We denote by (a, 6) CYB(a,6) the bilinear map derived from the quadratic map a 
CYB(o). 

Proposition 6.5. Ift G (C x ) / \U eeA+ ( 0; [) Kcr(xe), and p' G A 2 (u)' is sucft that QY~B(p t ,p') = 
m A 3 (g/[), £/ien i/iere exisis o unique family (r s ) se j m C 7 , smc/i fftai 

Proof, pt +ep' is an element of Vo(R), where R = C[e]/(e 2 ). Its image by the generalization 
of l is a family of (i? x ) / , which has the form (t s + er s ) se j, with r s eC. □ 

Corollary 6.6. If x G 3* is a regular character of I, anda' E A 2 (u)' is such that CYB(af (e x ), a') = 
in A 3 (g/[), then there exists a unique element x' G 3* , such that 

de| £ =o 

Proof. We have a sequence of coverings 3* e —> Z* lg — > (C x ) / , with composition x | — > t(x), such 
that t s = e _ ' x ' Qs ^. Then of (e x ) = Pt( x )- The statement is then a consequence of Proposition 
6.5. □ 

6.4. Comparison with [EE2]. Let us reexpress the algebra (C[[G/L]]ft, *) defined in Section 
5.3. The isomorphism of Uh(q) with (?7(g)[[?i]], Ad(J _1 ) o A ) allows to express the product of 
C[[G]] R as follows: C[[G)] h is isomorphic to C[[G]][[ft]], and f*g = m(L® 2 ( J )R'® 2 ( J^X/Stf)). 

Moreover, by virtue of the remark following Theorem 6.3, the image of C[[G/L]]/i under 
C[[G]] fi ~ C[[G]][[ft]] is C[[G/L]][[ft]]. Under this isomorphism, the product of (C[[G/L]] h , *) is 
transported to the product 

h * x h = m (L« 2 (J )R^ 2 (^ 2 (S(x))J - 1 )(/i ® / 2 )), 

for any /1, f 2 G C[[G/L]][[fi]] (here we view S m (E( X )) as an element of J7(g)® 2 [[ft]]). 

Lemma 6.7. //A(x) is eitfier o/£/ie elements J(x) _1 5® 2 (S(x)) J _1 0/ J7(g)® 2 [[ft]] 7 tfien 
A(x) satisfies the identities: 

(i) the image of A(\) in (C/(g)/[J7(g))® 2 [[ft]] is {-invariant; 

(ii) the image ofA(x) 1 ' 2 A(x) 12,3 ~A(x) 2,3 A(x) 1 ' 23 ^ g is zero under the projection U(Q) 03 [[h]] — > 

(u( Q )/iu( e )r 3 [[h}] 

(Hi) the image of A( X )-{l+hrf (x)) isO(h 2 ) under the projection V '(g)® 2 -> (C/(g)/(J7(g))® 2 [[A]]. 



of(e x+ex '). 
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Proof. The arguments are the same as those used to prove that * and * x are associative 
products on C[[G/L]]. □ 

Proposition 6.8. Let A(x), £>(x) be analytic functions U } * — > E/(£l)® 2 [[ft]], satisfying the 
conditions (i), (ii), (Hi) of Lemma 6.7. Then there exists an analytic function u(x) ■ U 3 * — > 
1 + hU (g)[[ft]] ; and analytic function X n ■ U } * -^3* (n>l), such that the image of 

A( X ) - {u{ X )®u{xj)B{ X '{ X ))\ Q {u{x))- 1 

m (U(g)/lU(g))® 2 {[h}} is zero. Here we set X '(x) = X + E„>i ^Xn(x)- 

Proof. There is a unique map 

d : {(U(Q)/lU( 9 ))® 2 ) l [[h}} ((U( 9 )/lU(g)r 3 )\[h]l 

taking the class of A to the class of A 1 - 2 A 12 ^ - A 2 ' 3 A 1,23 & g , where A e ^(fl) 02 ^] is a 
representative of A. The group 1 + ^.(Z7(fl)/[?7(g)) [ [[^]] acts on (([/( )/[C/(a))® 2 )'[[fi]] as follows: 
u * A is the class of (u <g> u)AAo(h) -1 , where u e [/ (g)[[ft]], A are representatives of u, A. Then 

d(u*A) is the class of u® 3 d(A)A^\u)~ 1 , where d(A) is a representative of d(A); in particular, 
d(A) = iff d(u * A) = 0. 

The classes A, B are analytic functions U } . -> ((U(g)/lU(g))® 2 ) l [[h}}, such that d(A(x)) = 
d(B(x)) = 0. Assume that we have constructed u p ( X ) ■ U } * — > (£/(g)/[t/({j))' and Xp(x) : 
f/ 3 . 3*, (p = 1, . . . ,n - 1), such that if x'(„_i)(x) = X + Ep=i ^ p Xp(x) and m ( „_ 1} (x) = 
1 + T,p=l flPu p(x), then 

A(X) - «(„-!) (X) * B(X(„_1)(X)) = O^- 1 ). (34) 

The co-Hochschild differential d co . Ho ch(^4) = ^4 12,3 - -4 1,23 - A 2 ^ + A 1 ' 2 induces a differen- 
tial ((C/( S )/tf7(g))« ,2 ) [ -> (([/(0)/[/7( ))® 3 )', and identifies with the standard co-Hochschild 
differential (S-(u) 02 ) 1 -» (S'(u)® 3 ) [ . 

Let C(x) be the class modulo ft of ft 1 "™(A(x)-M(„_i ) (x)*S(x' ( „_ 1) (x))) • Then d co _ H och(G(x)) = 
0. So C( X ) = d 

co-Hoch (^(n) (x)) + where w (n) (x), p(x) are analytic functions f/ 3 . -> 

(^(^/[[/(fl)) 1 and l/ 3 . - A 2 ( fl /[) [ . 

Since rf (x) is [-invariant, the map p CYB(rf ( X ), p) induces a linear map A 2 (g/[)' — ► 
A 3 (b/[)'. Proposition 6.6 says that the kernel of this map consists of the g7| e _ r f (x + e x')> 

x'e 3 *. 

Now the vanishing of the coefficient of h n in d(A(x)) = d(M(„_ 1 )( X ) * #(X(„_i)(x))) yields 
CYB(rf ( X ), p(x)) + d co -Hoch(5(x)) = 0, where D( X ) is the coefficient of ft™ in A( X ) - U( n -i) * 
B(x' (n _i)(x))- It follows that CYB(rf( X ),p(x)) = 0, so p( x ) = ^, £=0 rf (x + e Xn (x)), X«(x) G 
3*. So we have determined u n (x) and Xn(x)i such that (34) holds at order n. □ 

Corollary 6.9. / i— > R^( x ) (/) *s an isomorphism between the products * and * x on C[[G/L]] [[ft]] . 

7. Quantization of G/L <^-> g* , G/L ^ G* and Verma modules 

Let g be a semisimple Lie algebra, 1 C g be a Levi subalgebra, g = I © u + © u_ be a 
decomposition of g. Let x e [* be a character of [; we view X as an element of g* by defining it 
to be zero on u±. We assume that X is regular, which means that the centralizer of x is (■ 

Let G a i g be the adjoint group of g, L a \ g C G a \ g the subgroup corresponding to I. Then the 
orbit G a i g x C g* identifies with G a i g /L a i g . We have a sequence of maps 

G a i g -► Gaig/Laig = G a i g x C p _1 (p(x)) C fl*; (35) 
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here p : g* — > g*//G a i g = f)*/W is the natural projection. p _1 (p(x)) is a union of coadjoint 
orbits on g* , and G a i g x is its only closed orbit ([Ko]). In (35), all varieties and maps except 
the first one are Poisson. 

We now construct the quantum version of (35). 

7.1. Poisson algebras. The function algebra of G a i g is C[G] = ©yeirr^* ® V. Here Irr is 
the set of simple objects in the subcategory of the tensor category of finite dimensional g- 
modules, generated by the adjoint representation 3 . Its product is defined by (£ ®v) * (rj®w) = 
ro((£ <g> 77) ® (v ® to)). Here (®j)ey*®y,i;®M)e ® W, and w : (V <g> W)* (g) (V <g> W) -> 
®zeirr^* ® Z is the composition of the map induced from V ® W = ®zeirrZ ® My W with the 
maps tr : M^ w ® (My W )* -> C and the zero map on My W <g> (My W )* if Z' ^ Z. 

The map C[G] c C[[G]] = C/(g)* takes £ <g> w to T h-> (£,'p y (T)(t;)). 

The function algebra of G a i g /L alg is C[G/L] = C[G] [ = ©veirr^* <8> V 1 . Its Poisson structure 
is defined by 

= tu((£<g)?7) ®py W (rf(x))(u <g> w)). 

This is a Poisson subalgebra of C[[G/L]] = (U(g)/U(g)l)* . 

The dual of the map G a i g /L a i g — > g* is the map C[g*] — S'(g) — > C[G/L], defined as the 
unique algebra morphism taking a; G g to £<8>x G g<S> (0*) [ - This is a Poisson algebra morphism, 
which factors through a morphism 

S-(fi)^S-(g) ® Z{S - (S)) C P{X) ^C[G/L). 

Here Z(S"(fl)) = ^'(g) is the Poisson center of S'(g), and p(x) is the character of Z(S'(g)) 
obtained by restricting the character S'(g) — > C induced by X- 

Indeed, an element P G ^(g) is mapped by P <g> x'; n7 then maps it to P(x)l ® 1. 

The composed map S'(g) — > (C/(g)/[/(g)[)* is given by the algebra-coalgebra pairing S'(g) (g> 
(L/(g)/?7(g)[) — ► C, taking x T 1 to x(ad(S'(T))(a;)) (here S is the antipode, ad is the adjoint 
action of U(g) on S'(g), and X ■ S'(g) — > C is the character corresponding to x)- 

G a i g /i a i g is a subvaricty of g*, and its function ring is C[G/L], hence the map S'(g) — > 
C[G/i] is surjective. 

7.2. Quantization of G/L — ► G a \ g /L a \ g — > g*. In [EE2], we constructed an [-invariant element 
J := Jfih^x) G U{u+) <g> C/(p_)p]], such that J = 1 + O(ft), ft-^J - J 2 ' 1 ) = rf (x) mod fi, 
and (?7(g)/t/'(g)[) [\h]], equipped with A(/) := Ao(/)J 2,1 is a coassociative coalgebra (we set 
p ± = l©u±). Its dual algebra (U(g)/U(g)l)*[[h]\ is a quantization of C[[G/L}}, which we denote 
by C[[G/L]] h . 

Define C[G/L]fi as (BveinV* ® V^[[?i]], equipped with the product 

(£ <E> u) * (?7 <g> tu) = tu((£ ® 77) <g> /9y®w(J)(« <S> w))- 

Then £ ® in — > (T 1 — > (£, p y (T)(w))) is an algebra embedding C[G/L] h cC[[G/L]] h . 

Define C[g*]fi as the enveloping algebra of g[[h}], equipped with the bracket [x,y]n := h[x,y]. 
Then C[g*]/i is a flat deformation of C[g*] = S ' (g). C[g*]n is a subalgebra of £/(g)[[ft]] under 
x 1 — ► Tlx. 

If xo G [* is a character, define Xo : U(g) —> C as the unique linear map such that 
Xo(x+xqX-) = e(x + )s(x-)xo(xo), where x± G f (u±) and xq G f(0- This definition ex- 
tends to the case when xo £ in particular, 7l _1 x is a character ?7(g)[[?i]] — > C((ft)); one 
checks that it restricts to a character x : C[g*]r t — > C[[7i]]. 



3 Irr may also be described as the set of simple g-modules V with highest weight in the root lattice, or such 
that V[0] + 
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Proposition 7.1. There is a unique pairing 

W^(fl)[)®C[fl 4 ] ft -Cp]], 

taking [T](3x to x(ad(5 f_1 (T))(x)). It induces an algebra morphism C[g*]^ p — > C[[G/L]]r. This 
morphism factors through a morphism C[g*]^ p — ► C[G/L]/j C C[[G/i]]n, equivariant under the 
adjoint action ofU(g) on C[g*]n and zis Ze/t action on the two other algebras. 

Proof. The fact that the pairing is well-defined follows from the I-invariance of \. Let us 
denote it by [T] <g> x \— > (T, x) and check that it is a coalgebra-algebra pairing. We first prove 
that if x,y G C[g*]n, then 

X(sy) = ^x(ad(5- 1 (« J ))( 2 ;))x(ad(5- 1 (A))(y)), (36) 

where J = a i ® A- Recall that J = £. a, ® S^S^M^)* where ^ = Ei a * ® b i ® 4 
is the element of U(u+) <8> ?7(u_ )(§)[/([) such that the identity ^ H(xa,i)£iH(biy) = H(xy) for 
any x,y G 17 (g) holds; here if : [7(g) — ► f/(l) is the linear map taking x + x x_ to e(x + )e(x_)x , 
where x± G L/(u±),Xo G ?7(9; we again denote by x the unique extension of \ to a character 
of U{[) (it exists because x is nondegenerate). 

Using the identities x{x+x) = ^Oe+JxO'Oj x( xa; -) = x( x ) £ ( x -) f° r ^ € ^(fl)> x ± S t/(u±), 
and the [-invariance of x, we identify the r.h.s. of (36) with ^ x{ xa i)x{S {0i)y) ■ This 

is E l x(a;a»)x(4 1) )x(4 2)fe iJ')' Le -> E i x( :z:a 0x(£i)x(^y) (as X is a regular character_of [, we 
have (x (g) x) o A r = x, where A r : U{t) -> {/([)§{/([) is the "right coproduct" of f/(l)), i.e., 
x(E t #( xa »Ki#(^2/))> i-e-, x(H(xy)) = x(xy). This proves (36). 
If T G [7(g) and x, y G C[g*]n, we have 

(T,x 2 ;) = x(ad(5- 1 (r( 2 )))( a; )ad(5- 1 (T( 1 )))(y)) 

= ^x(ad(^ 1 (« J ))ad(5- 1 (r( 2 )))(x))x(ad(^ 1 (A))ad(5- 1 (T( 1 )))(y)) (by (36)) 

i 

= J2(T (2) a t ,x)(T^f3 l ,y). 

i 

If x G U(g) is an element of degree d, then the map T \— > x( a d(S' _1 (x))) is the matrix 
coefficient of or ® X|t/( fl )< d G ^(fl)<g ® (^(g)< d )'; so the image of C[g*]°j P -> C[[G/L]] ft is 
contained in C[G/L]/j. □ 

7.3. Relation with generalized Verma modules. Let (M x , tt x ) be the [7(g)-module Indp (C((/i)) x ), 
where x is the character p_ — > [ — > C((7i)). 

Proposition 7.2. TTie morphism C[g*]n — > End(M x )[[ft]] induced by n x factors through C[g*]n -» 

C[G/L] R A End(M x )[[/i]], where a is surjective and (3 is infective. It follows that C[G/L]s ~ 
C[g*] ft /(C[g*] ft nKcr( % )). 

Proof. Let us construct an algebra morphism [3 : C[G/L]n — ► End(M x )[[ft]]. If V G Irr, we 
define a linear map V* ® U [ — > End(M x )[[fi]] by dualizing the linear map M x — > M x ® V ® 
(U')*[[ft]] equalto^ beB $ fc ®6*. Here B is a basis of V 1 , (6*) is the dual basis of (U 1 )* ^ {V*)\ 
and $h : M x — > M x <g> V[[fi]] is the intertwiner with expectation value 6. Using the fact that 
<&b(l x ) = o^Ia <8> /3ji>, one can prove that C[G/L]n — > End(M x )[[ft]] is an algebra morphism. 

Let us prove that /3 is injective. Recall that (3 takes w ® u* G U 1 <8> U* to the endomor- 
phism m i— > (id®u*) o $„(m) of End(M x )[[fi]]. Therefore, /3 extends to a linear map /?' : 
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(U(q)/U(q)1)* -> End(M x )[[ft]], taking £ to the endomorphism x + l x ^ Ei(£> ^+ } A^+W* 
(here x + G U(u + )). 

We have a linear isomorphism (U(q)/U(q)1)* ~ Z7(u_|_)*(8)Z7(u_ )* , whose inverse takes 
to the form x+X- i— > x + }(£_, x_), where x± G U(u±). 

Let 7r : [/(p+) — ► J7(u+) be the linear map taking x+xq to x+e(xo), where x G t/(u+), 
x €U{l). 

The map /3" : f7(u+)*®£/(u_)* -> End(M x )[[fi]] induced by /?' takes ® £- to the endo- 
morphism 

i 

Assume that ^2 a (g) £_ iQ is in Ker (/?"). Then 

Vx G C/(u+), 2^ + , a ,4 1) )4 2) <e_, a) 7rC9 i )>a i = 0. (37) 

Since J2i on®-K{(3i) coincides with exp(rf (%)) up to lower degree terms, the linear map f/(u_)* — > 
£ ^ Ei(^ 7r (A)) a i is injective. 

Then using (37) with x = 1, we find 5Z Q (£+,a, x )£-,a = 0. Let us prove by induction on d 
that for any x G U(u + )<d, J2 a (?+,ai = 0- Assume that this holds at order d and let 

x G C/(u+)<d+i. Then the induction hypothesis implies ^ a i (^+ iCt , x)(£_ ja , 7r(/3j))aj = 0. The 
injectivity of £ Ei(£i ' K {Pi)) a i then implies that 5Z Q (£+,a, = 0, as wanted. Therefore 

J2 a ® = 0. Hence /3 is injective. 

Let us now show that f3oa = ^ x \cis"]h- Let ^ "= ^(fl)> then a(x) is the form U(q)/U(q)1 — > C, 
T i — ► x(ad(S' _1 (T))(x)). Then /3"(a(ar)) is the endomorphism of M x [[ft]] taking x + l x to 

2<a(*),4 1) A>4 a) «iix = E^ 1 ^ 1 ^)^ 1 W 3 V* 

= Ex( S " 1 (ft) S_1 ( I + ) ) IiC + ) )4 3)a i 1 x' (38) 

i 

Now we have £\ OLiXiS^^X+XoXJ) = X+x(X )e(X-) for X± G U(u±) and X G U(l). 
Hence if S~ 1 {x^)xx^ — ^2 a X + . a X . a X-. a , then 

(38) = .4 3) (^X+, Q x(^a)e(A_, Q ))l x . 

a 

On the other hand, 

xx+l x = xfs-\xf)xx ( lh x = xf (^X + , a X , a X_, a )l x 

a 

= xf ^ X + , Q x(A , Q )£(A_, Q )l x , 

a 

which is (38). Hence (38) = xx + l Xl so /3 o a = 7r x |c[g*] fi - ^ 

7.4. PL versions. Let t,x, Xl* be as in Lemma 4.11. The dressing orbit of xl* G G* lg is 
G a igXL* — G a ig/L a ig. Moreover, the Poisson structure of G a igX£* identifies with { — ,— } XL ,. 
We have therefore a Poisson G-space embedding G a i g /L a i g ~ G a i g Xi* G* lg . As before, we 
can construct a morphism C[G*]h — > C[G/L]/j quantizing this embedding; here C[G*]b is a 
subalgebra of f/ft(fl). Let M x be the generalized Verma module over Uh{q) corresponding to x- 
As before, the morphism tt x : Un(g) —> End(M x ) restricts to a morphism C[G*] — > End(M x ), 
which factors though an injective morphism C[G/L]ft End(M x ) which can be defined using 
intcrtwincrs. So C[G/L] R ~ C[G*] h /(C[G*] h n Kerfr*)). 
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